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1
2Abstract. Let K be an algebraic number field, OK the ring of integers of K, and f :
X → Spec(OK) an arithmetic surface. Let (E, h) be a rank r Hermitian vector bundle on
X such that E
Q
is semistable on the geometric generic fiber X
Q
of f . In this paper, we will
prove an arithmetic analogy of Bogomolov-Gieseker’s inequality:
ĉ2(E, h)−
r − 1
2r
ĉ1(E, h)
2 ≥ 0.
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4Introduction
Let M be an n-dimensional compact Ka¨hler manifold with a Ka¨hler form Φ. For a
torsion free sheaf F on M , we define an averaged degree µ(F,Φ) of F with respect to Φ
by
µ(F,Φ) =
∫
M
c1(F ) ∧ Φn−1
rkF
.
Let E be a torsion free sheaf on M . E is said to be Φ-stable (resp. Φ-semisatble) if,
for every subsheaf F of E with 0 ( F ( E, an inequality µ(F,Φ) < µ(E,Φ) (resp.
µ(F,Φ) ≤ µ(E,Φ)) is satisfied. If a torsion free sheaf E of rank r is Φ-semistable, then
we have ∫
M
(
c2(E)− r − 1
2r
c1(E)
2
)
∧ Φn−2 ≥ 0,
which is called Bogomolov-Gieseker’s inequality (cf. [Bo] and [Gi]). The purpose of this
paper is to establish an arithmetic analogy of the above inequality, that is,
Main Theorem. Let K be an algebraic number field, OK the ring of integers of K, and
f : X → Spec(OK) an arithmetic surface. Let (E, h) be a Hermitian vector bundle on X.
If E
Q
is semistable on the geometric generic fiber X
Q
of f , then we have an inequality
ĉ2(E, h)− r − 1
2r
ĉ1(E, h)
2 ≥ 0,
where r = rkE and ĉ1(E, h) and ĉ2(E, h) are arithmetic Chern classes introduced by
Gillet-Soule´ [GS90b].
The theory of stable vector bundles is closely related to the Yang-Mills theory. Let
E be a vector bundle on the compact Ka¨hler manifold M . E is said to be Φ-poly-stable
if there is a direct sum E = E1 ⊕ · · · ⊕ Es such that Ei is Φ-stable for all 1 ≤ i ≤ s
and µ(E1) = · · · = µ(Es). Moreover, let h be a Hermitian metric of E. h is called
Einstein-Hermitian (resp. weakly Einstein-Hermitian) if there is a constant (resp. C∞-
function) ϕ such that
√−1ΛK(E, h) = ϕ idE , where K(E, h) is the curvature of (E, h).
The fundamental theorem concerning Einstein-Hermitian metric is
Theorem A. (cf. [Do83], [Do85], [NS] and [UY]) E has an Einstein-Hermitian metric
if and only if E is Φ-poly-stable.
The above theorem plays a crucial role for the proof of the main theorem. Here we
give a rough sketch of the proof of the main theorem, which, I think, is a brief summary
of this paper.
Step 1. A poly-stable vector bundle is semistable, but a semistable vector bundle is not
necessarily poly-stable. This means that a semistable bundle does not necessarily have
an Einstein-Hermitian metric. In general, a semistable vector bundle F has a filtration:
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fl−1 ⊂ Fl = F
5such that Fi/Fi−1 is stable for all i and µ(F1/F0) = · · · = µ(Fl/Fl−1), which is called a
Jordan-Ho¨lder filtration of F . The first step of the proof of the main theorem is a reduc-
tion to the case where E is poly-stable on each infinite fiber. Unfortunately, arithmetic
Chern classes are sensitive for extensions, that is, the Bott-Chern secondary characteris-
tic appears in several formula for an exact sequence of Hermitian vector bundles. So we
need an exact calculation of a certain secondary Bott-Chern characteristic, which will be
treated in §7. It follows a good comparison of second Chern classes (cf. Corollary 7.4).
Using this result, we can do our first step.
Step 2. By the step 1, we may assume that E is poly-stable on each infinite fiber. Thus
by Theorem A, E has an Einstein-Hermitian metric hEH on each infinite fiber. Here we
need a comparison of
ĉ2(E, h)− r − 1
2r
ĉ1(E, h)
2 and ĉ2(E, hEH)− r − 1
2r
ĉ1(E, hEH)
2.
The following theorem guarantees that we may assume that h is Einstein-Hermitian.
Theorem C. (cf. Theorem 6.3) Let K be an algebraic number field and OK the ring
of integers. We denote by K∞ the set of all embeddings of K into C. Let f : X −→
Spec(OK) be an arithmetic variety with dimX = d ≥ 2, and (H, hH) a Hermitian line
bundle on X such that, for each σ ∈ K∞, c1(Hσ, hHσ) gives a Ka¨hler form Φσ on an
infinite fiber Xσ. Let E be a vector bundle of rank r on X. For a Hermitian metric h of
E, we set
∆(E, h) =
(
ĉ2(E, h)− r − 1
2r
ĉ1(E, h)
2
)
· ĉ1(H, hH)d−2.
If E is Φσ-poly-stable on each infinite fiber Xσ, then we have;
(1) the set ∆ = {∆(E, h) | h is a Hermitian metric of E} has the absolute minimal
value.
(2) ∆(E, h0) attaches the minimal value of ∆ if and only if h0 is weakly Einstein-
Hermitian on each infinite fiber.
Step 3. Let π : P(E) −→ X be the projective bundle of E and O(1) the tautological
line bundle on P(E). We set L = O(r) ⊗ π∗(detE)−1. The arithmetic analogy of the
Grothendieck relation (1.9.1) and Lemma 5.1 implies that
(Lr+1) ≤ 0 =⇒ r − 1
2r
ĉ1(E, h)
2 ≤ ĉ2(E, h).
Thus, it is sufficient to show that (Lr+1) ≤ 0.
Step 4. Let N be an ample line bundle on X with deg(NK) > 2g(XK) − 2. The
arithmetic Riemann-Roch theorem due to Gillet-Soule´ [GS92] shows us that
χL2(L
n ⊗ π∗N) + 1
2
τ((Ln ⊗ π∗N)∞) = deg(ĉh(Ln ⊗ π∗N) · t̂d
A
(TP(E)/OK )).
6Since we have
lim
n→∞
deg(ĉh(Ln ⊗ π∗N) · t̂dA(TP(E)/OK ))
nr+1
=
1
(r + 1)!
(Lr+1),
in order to get (Lr+1) ≤ 0, it is sufficient to see that
(a) τ((Ln ⊗ π∗N)∞) ≤ O(nr logn).
(b) χL2(L
n ⊗ π∗N) ≤ O(nr logn).
Step 5. (a) is a consequences of the following theorem, which is a generalization of [BV]
and Proposition 2.7.8 of [Vo] to the case of semipositive line bundles.
Theorem C. (cf. Theorem 2.1) Let X be a compact Ka¨hler manifold of dimension n,
(L, h) a Hermitian line bundle on X, and (E, hE) a Hermitian vector bundle on X. Let
ζq,d be the zeta function of the Laplacian q,d on A
0,q(Ld⊗E). Let HL be the Hermitian
form corresponding to the curvature form K(L, h) of L and k a non-negative integer. If
HL(x) is positive semi-definite and rkHL(x) ≥ k for all x ∈ X, then for n − k < q ≤ n
there is a constant C such that
|ζ ′q,d(0)| ≤ Cdn log(d)
for all d ≥ 0.
Step 6. (b) can be derived from the following theorem.
Theorem D. (cf. Theorem 4.1) Let K be an algebraic number field, OK the ring
of integers of K and f : X −→ Spec(OK) an arithmetic variety over OK . Let (L, h)
be a Hermitian line bundle on X, (E, hE) a Hermitian vector bundle on X, and hm a
Hermitian metric of H0(X,Lm ⊗ E) induced by hm ⊗ hE. Then there is a constant C
such that
degL2(F, hF )
rkF
≤ Cm logm
for all m > 1 and all submodules F of H0(X,Lm⊗E), where hF is the Hermitian metric
induced by hm.
In §9, we will consider an invariant of a semistable vector bundle arising from the
arithmetic second Chern character. Let f : X → Spec(OK) be a regular arithmetic
surface and E a vector bundle on X such that deg(EK) = 0 and EQ is semistable. We
denote by Herm(E) the set of all Hermitian metrics of E. Here we set
ch2(E) = sup
h∈Herm(E)
ĉh2(E, h).
As a consequence of Theorem A, we can easily see that ch2(E) is a non-positive real
number. Let MXK/K(r, 0) be the moduli scheme of semistable vector bundles on XK
with rank r and degree 0. Our first question is
7Question E. Is there a relation between ch2(E) and a height of the class [EK ] in
MXK/K(r, 0)?
For example, if XK is an elliptic curve, we can give an answer (cf. Corollary 9.7). For a
curve of higher genus, it is still an open problem. To solve the above question, we think
that first of all we must construct a certain canonical height of MXK/K(r, 0). Moreover,
we think that the theta divisor on MXK/K(r, 0) gives rise to a canonical height.
In §10, we consider the equality condition of the inequality of the main theorem. For
a geometric case, this is closely related to flat vector bundles. So we need an arithmetic
analogy of flat vector bundles. We give one candidate for arithmetic flatness, that is,
torsion vector bundles. (see Definition 10.6 for the definition of “of torsion type”.) Our
question concerning torsion vector bundles is the following.
Question F. Let X and E be as above. If ĉh2(E, h) = 0, then is E of torsion type?
A partial answer is given in Proposition 10.8. Two questions are related to each other.
For example, if r = 1, E satisfies some numerical conditions and h is Einstein-Hermitian,
then ĉh2(E, h) = −[K : Q] Height([EK]) (c.f. Lemma 9.2), where Height is the Ne´ron-
Tate height on Pic0(XK). Thus, if ĉh2(E, h) = 0, EK is a torsion point of Pic
0(XK).
Finally we would like to express hearty thanks to Prof. S. Zhang for his valuable
suggestions.
81. Quick review of arithmetic intersection theory
In this section, we would like to fix several notations of this paper, which gives a quick
review of arithmetic intersection theory. Details will be found in [GS90a], [GS90b], [Fa2]
and [SABK].
1.1 Polynomial map associated with a formal power series φ. Let φ be a sym-
metric formal power series of n variables over R, A an R-algebra, and Mn(A) the algebra
of (n× n)-matrices of A. We denote by φ(k) the homogeneous component of φ of degree
k. Then we can easily construct the unique polynomial map
Φ(k) :Mn(A) −→ A
such that Φ(k) is invariant under conjugation by GLn(A) and
Φ(k) (diag(λ1, . . . , λn)) = φ
(k)(λ1, . . . , λn).
When I is a nilpotent subalgebra, we may define
Φ =
∑
k
Φ(k) :Mn(I) −→ A.
Standard examples of power series are the following:
(Chern classes) ci = si(T1, . . . , Tn), where si is the i-th elementary symmetric
polynomial.
(Total Chern class) c =
∑
i≥0
ci.
(Chern character) ch(T1, . . . , Tn) =
n∑
i=1
exp(Ti).
(Todd class) td(T1, . . . , Tn) =
n∏
i=1
Ti
1− exp(−Ti) .
1.2 Chern characteristic class attached to φ. Let M be a complex manifold and
Ap,p(M) the space of complex C∞-forms of type (p, p). We put
A(M) =
⊕
p≥0
Ap,p(M) and A˜(M) = A(M)/(Im∂ + Im ∂¯).
Here we set dc =
∂ − ∂¯
4π
√−1 . Then we have dd
c =
√−1
2π
∂∂¯. Let (E, h) be a Hermitian
vector bundle on M of rank n, K(E, h) the curvature of (E, h), and φ as above. The
characteristic class of (E, h) attached to φ is defined by
φ(E, h) = Φ
(√−1
2π
K(E, h)
)
∈ A(M).
91.3 Bott-Chern secondary characteristic class. Let E : 0 → (S, h′) → (E, h) →
(Q, h′′) → 0 be an exact sequence of Hermitian vector bundles on M . (Here h′ and h′′
are not necessarily the metrics induced by h.) We introduce the Bott-Chern secondary
characteristic class φ˜(E) of E attached to φ. This class is characterized by the following
three properties:
(i) ddcφ˜(E) = φ(E, h)− φ((S, h′)⊕ (Q, h′′)).
(ii) For every homomorphism f : N −→M of complex manifolds,
φ˜(f∗(E)) = f∗φ˜(E).
(iii) If (E, h) = (S, h′)⊕ (Q, h′′), then φ˜(E) = 0.
(Note that the axiom (i) is different from [BGS] or [GS90b].)
For a later purpose, we will show how to construct it. We denote the homomorphism
S −→ E by α. Let P1 be the projective line, O(1) the tautological line bundle on P1
and σ a section of H0(P1,O(1)) such that σ(∞) = 0. Let p : M × P1 −→ M and
q :M × P1 −→ P1 be the canonical projections. We set
E˜ = Coker (p∗(α)⊕ (id⊗σ) : p∗(S) −→ p∗(E)⊕ (p∗(S)⊗ q∗(O(1)))) .
Note that E˜
∣∣∣
M×{0}
≃ E and E˜
∣∣∣
M×{∞}
≃ S ⊕Q. Here we give a Hermitian metric h˜ on
E˜ such that (E˜, h˜)
∣∣∣
M×{0}
and (E˜, h˜)
∣∣∣
M×{∞}
are isometric to (E, h) and (S, h′)⊕(Q, h′′)
respectively. Then φ˜(E) is given as follows:
φ˜(E) =
∫
P1
φ(E˜, h˜) log |z|2.
1.4 Green current. Here we assume that the complex manifold M is compact. We
denote by Dk,k(M) the space of currents on M of type (k, k). Let Z be a cycle on M of
codimension p. An element g ∈ Dp−1,p−1(M) is called a green current of Z if ddcg + δZ
is smooth. The smooth form ddcg + δZ is denoted by ω(g). For example, let D be a
divisor on M and h a Hermitian metric of the line bundle OM (D). Let s be a rational
section of OM (D) such that div(s) = D. Then it is well known that
−ddc log(h(s, s)) + δD = c1(OM (D), h).
Thus − log(h(s, s)) is a green current of D.
1.5 Analytic torsion. Moreover we assume thatM is a Ka¨hler manifold with a Ka¨hler
form Ω. Let (E, h) be a Hermitian vector bundle on M . Let q be the Laplacian on
A0,q(E) and 0 < λ1 < λ2 < · · · eigenvalues of q. We set
ζq(s) =
∑
i>0
λ−si .
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It is well known that ζq extends meromorphically to the complex plane and is holomorphic
at s = 0. We define the analytic torsion τ(E, h) of (E, h) by
τ(E, h) =
∑
q>0
(−1)qqζ ′q(0).
1.6 Arithmetic variety and arithmetic Chow group. Let K be an algebraic num-
ber field and OK the ring of integers of K. We set S = Spec(OK) and the set of C-valued
points of K, that is,
{σ : K →֒ C | σ is an embedding of the field K to C},
is denoted by S∞ orK∞. A projective and flat morphism of integral schemes π : X −→ S
is called an arithmetic variety over OK if the generic fiber of f is smooth. For an objects
Ob of X , we denote by Obσ the pullback of Ob by an embedding σ ∈ S∞. Let Zp(X) be
a free abelian group generated by cycles of codimension p. Let Ẑp(X) be a group of pairs
(Z,
∑
σ gσ) such that Z ∈ Zp(X) and gσ is a green current of Zσ on Xσ. Let ĈH
p
(X)
be the quotient group of Ẑp(X) divided by the subgroup generated by the following
elements:
(a) (div(f),
∑
σ − log |fσ|2), where f is a rational function on some subvariety Y of
codimension p− 1 and log |fσ|2 is the current defined by
(log |fσ|2)(γ) =
∫
Yσ
(log |fσ|2)γ.
(b) (0,
∑
σ ∂(ασ) + ∂¯(βσ)), where ασ ∈ Dp−2,p−1(Xσ), βσ ∈ Dp−1,p−2(Xσ).
We define three homomorphisms:
ω : ĈH
p
(X) −→
⊕
σ
Ap,p(Xσ),
z : ĈH
p
(X) −→ CHp(X),
a :
∑
σ
A˜p−1,p−1(Xσ) −→ ĈH
p
(X)
by
ω(Z,
∑
σ
gσ) =
∑
σ
(ddcgσ + δZσ ) ,
z(Z,
∑
σ
gσ) = Z,
a(
∑
σ
gσ) = (0,
∑
σ
gσ)
respectively. Moreover, deg : ĈH
dimX
(X)→ R is given by
deg(
∑
P∈X
nPP,
∑
σ
gσ) =
∑
P∈X
nP log#(OX/mP ) +
1
2
∑
σ
∫
Xσ
gσ,
where mP is the maximal ideal of P .
11
1.7 First Chern class of Hermitian vector bundle. Let E be a vector bundle on
the arithmetic variety X . We say (E, h) is a Hermitian vector bundle if, for all σ ∈ S∞,
Eσ is equipped with a Hermitian metric hσ. Let s1, . . . , sn be rational sections of E such
that s1, . . . , sn give a basis of E at the generic point of X . ĉ1(E, h) is defined by the
class of div(s1 ∧ · · · ∧ sn), ∑
σ∈S∞
− log det
 hσ(s1, s1) · · · hσ(s1, sn)... . . . ...
hσ(sn, s1) · · · hσ(sn, sn)

 .
1.8 Intersection of arithmetic cycles. We set
ĈH(X) =
⊕
p≥0
ĈH
p
(X).
ĈH(X)Q has a natural pairing
ĈH
p
(X)Q ⊗ ĈH
q
(X)Q −→ ĈH
p+q
(X)Q
defined by
(Y,
∑
σ
gYσ) · (Z,
∑
σ
gZσ ) = (Y · Z,
∑
σ
gYσ ∗ gZσ),
where gYσ ∗ gZσ = gYσδZσ + ω(gYσ)gZσ . In particular,
ĉ1(L, h) · (0,
∑
σ
gσ) = (0,
∑
σ
c1(Lσ, hσ)gσ).
1.9 Arithmetic characteristic classes. Let φ be a symmetric formal power series of
n variables with real coefficients. Let (E, h) be a Hermitian vector bundle of rank n on
the arithmetic variety X . We introduce the characteristic class
φˆ(E, h) ∈ ĈH(X)R
attached to φ. This is characterized by the following four axioms (cf. Theorem 4.1 of
[GS90b]) :
(I) For every morphism f : Y −→ X of arithmetic varieties,
f∗(φˆ(E, h)) = φˆ(f∗(E, h)).
(II) If (E, h) is a direct summand of Hermitian line bundles, i.e.
(E, h) = (L1, h1)⊕ · · · ⊕ (Ln, hn),
12
then we get
φˆ(E, h) = φ(ĉ1(L1, h1), . . . , ĉ1(Ln, hn)).
(III) If we set
φ(T1 + T, . . . , Tn + T ) =
∑
i≥0
φi(T1, . . . , Tn)T
i,
for a Hermitian line bundle (L, h′),
φˆ((E, h)⊗ (L, h′)) =
∑
i≥0
φˆi(E, h)ĉ1(L, h
′)i.
(IV) ω(φˆ(E, h)) =
∑
σ φ(Eσ, hσ).
Let E : 0 → (S, h′) → (E, h) → (Q, h′′) → 0 be an exact sequence of Hermitian vector
bundles on X . An important property of φˆ is
φˆ(E, h)− φˆ((S, h′)⊕ (Q, h′′)) = a(
∑
σ
φ˜(Eσ)).
For example, if we put
cˆt(E, h) =
rkE∑
i=0
(−1)icˆi(E, h)tn−i,
we have
cˆt(E, h)− cˆt(S, h′)cˆt(Q, h′′) = a
(∑
σ
rkE∑
i=0
(−1)ic˜i(Eσ)tn−i
)
.
We apply this formula to the following special situation. Let f : P(E) −→ X be the
projective bundle of E, Q = OY (1) the tautological line bundle of P(E) and S the kernel
of f∗(E) −→ Q. We give the submetric h′ on S and the quotient metric h′′ on Q induced
by f∗h. Applying the above formula to the exact sequence
E : 0→ (S, h′)→ (f∗E, f∗h)→ (Q, h′′)→ 0,
we get
cˆt(f
∗E, f∗h)− cˆt(S, h′)cˆt(Q, h′′) = a
(∑
σ
rkE∑
i=0
(−1)ic˜i(Eσ)tn−i
)
,
which implies
(1.9.1)
rkE∑
i=0
(−1)if∗ĉi(E, h)ĉ1(Q, h′′)n−i = a
(∑
σ
rkE∑
i=0
(−1)ic˜i(Eσ)c1(Qσ, h′′σ)n−i.
)
,
by evaluating t = ĉ1(Q, h
′′). This is an arithmetical analogy of the Grothendieck relation.
Conversely, the relation (1.9.1) defines ĉi(E, h). To see this, we will prove the following
fact.
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Claim 1.9.2.
(1) A homomorphism ψ : ĈH(X)⊕n −→ ĈH(Y ) by
ψ(x0, · · · , xn−1) =
n−1∑
i=0
f∗(xi)ĉ1(Q, h
′′)i
is injective, where n = rkE and Y = P(E).
(2) The image of ψ is
{x ∈ ĈH(Y ) | ω(x) ∈
∑
σ
n−1∑
i=0
f∗σ(A(Xσ))c1(Qσ, h
′′
σ)
i}.
Proof. (1) can be easily checked by the formula:
f∗(f
∗(γ)ĉ1(Q, h
′′)i) =
{
0, 0 ≤ i < n− 1,
γ, i = n− 1.
Next we consider (2). Let x be an element of ĈH(Y ) such that
ω(x) ∈
∑
σ
n−1∑
i=0
f∗σ(A(Xσ))c1(Qσ, h
′′
σ)
i.
Since ψ is bijective on finite part, we may assume that z(x) = 0. Thus we can set
x = (0,
∑
σ gσ) with gσ ∈ A(Yσ). Here we put
ω(x) =
∑
σ
n−1∑
i=0
f∗(uσ,i)c1(Qσ, h
′′
σ)
i.
Then
ddc(gσ) =
n−1∑
i=0
f∗(uσ,i)c1(Qσ, h
′′
σ)
i.
Using integration along fσ, we can find vσ,i with dd
cvσ,i = uσ,i. (For example vσ,n−1 =
∫
fσ
gσ.)
Then
ω
(
x−
n−1∑
i=0
f∗(0,
∑
σ
vσ,i)ĉ1(Q, h
′′)i
)
= 0.
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Thus we may assume that ω(x) = 0, which implies gσ is harmonic up to Im ∂ + Im ∂¯.
Hence by the structure of cohomology ring H∗(Yσ,R), gσ can be written as the form
n−1∑
i=0
gσ,ic1(Qσ, h
′′
σ)
i
up to Im ∂ + Im ∂¯. Therefore x =
n∑
i=0
f∗(0,
∑
σ
gσ,i)ĉ1(Q, h
′′)i.
Let us go back to the construction of ĉi(E, h). By this claim, there is a unique sequence
{c1, . . . , cn} of ĈH(X) such that
n∑
i=1
(−1)if∗(ci)ĉ1(Q, h′′)n−i = a
(∑
σ
n∑
i=0
(−1)ic˜i(Eσ)c1(Qσ, h′′σ)n−i
)
− ĉ1(E, h)n.
Hence we may set ĉi(E, h) = ci.
1.10 L2-degree of Hermitian module. Let V be OK-module of finite rank. A pair
(V, h) is called a Hermitian module if we give a Hermitian metric hσ on Vσ for each
σ ∈ K∞. For example, OK has the canonical metric canK induced by each embedding
σ : K →֒ C. We define L2-degree degL2(V, h) of (V, h) by
degL2(V, h) = log#
(
V
OKx1 + · · ·+OKxt
)
− 1
2
∑
σ∈S∞
log det
hσ(x1, x1) · · · hσ(x1, xt)... . . . ...
hσ(xt, x1) · · · hσ(xt, xt)
 ,
where x1, . . . , xt ∈ M and {x1, . . . , xt} is a basis of M ⊗ K. Using the Hasse prod-
uct formula, it is easily checked that degL2(M,h) does not depend on the choice of
{x1, . . . , xt}.
1.11 Arithmetic Riemann-Roch Theorem. Finally we explain the arithmetic Riemann-
Roch theorem. Let π : X −→ S an arithmetic variety. We give a Ka¨hler form Ωσ for
each infinite fiber Xσ. Let (E, h) be a Hermitian vector bundle on X . Using this Ka¨hler
form, we can give a metric of Hq(Xσ, Eσ) by identifying H
q(Mσ, Eσ) with the space
of harmonic forms H0,q(Eσ). Hence we can define degL2(H
q(X,E)). Thus we have
L2-Euler character
χL2(E, h) =
∑
q≥0
(−1)q degL2(Hq(X,E)).
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To state arithmetic Riemann-Roch, we need to mention about the arithmetic Todd char-
acter. Let ζ(s) =
∑
n>0 n
−s be the standard zeta function and we define a formal power
series R(T1, . . . , Tn) as∑
m≥1
m:odd
1
m!
(2ζ ′(−m) + ζ(−m)(1 + 1/2 + 1/3 + · · ·+ 1/m)) (Tm1 + · · ·+ Tmn ).
The arithmetic Todd character is defined by
t̂d
A
(TX/S ,Ω) = t̂d(TY/S,Ω)(1− a(
∑
σ
R(TXσ ,Ωσ))).
The arithmetic Riemann-Roch due to Gillet-Soule´ [GS92] is as follows:
(1.11.1) χL2(E, h) +
1
2
∑
σ∈S∞
τ(Eσ, hσ) = deg(ĉh(E, h) · t̂d
A
(TY/S,Ω)).
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2. Asymptotic behavior of analytic torsions
In this section, we will consider asymptotic behavior of analytic torsions of powers of
a semi-positive line bundle. The main theorem of this section is the following theorem.
Theorem 2.1. Let X be a compact Ka¨hler manifold of dimension n, (L, h) a Hermitian
line bundle on X, and (E, hE) a Hermitian vector bundle on X. Let ζq,d be the zeta
function of the Laplacian q,d on A
0,q(Ld ⊗ E). Let HL be the Hermitian form corre-
sponding to the curvature form K(L, h) of L and k a non-negative integer. If HL(x) is
positive semi-definite and rkHL(x) ≥ k for all x ∈ X, then for n− k < q ≤ n there is a
constant C such that
|ζ ′q,d(0)| ≤ Cdn log(d)
for all d ≥ 0.
First we prepare the following lemma.
Lemma 2.2. With notation as in Theorem 2.1, if HL(x) is positive semi-definite and
rkHL(x) ≥ k for all x ∈ X, then, for n − k < q ≤ n, there is a positive constant cL,q
such that cL,q depends only on (L, h) and q, and that
−√−1〈(Λe(KL)− e(KL)Λ)φ, φ〉(x) ≥ cL,q〈φ, φ〉(x)
for all φ ∈ An,q(E) and x ∈ X. In particular, integrating the above inequality, we have
−√−1 ((Λe(KL)− e(KL)Λ)φ, φ) ≥ cL,q(φ, φ).
Proof. First we claim:
Claim 2.2.1. There is a positive constant c such that, for all x ∈ X, we can take an
orthogonal basis {w1, . . . , wn} of TX,x with{
HL(x)(wi, wj) = hjδij
hi ≥ c (1 ≤ i ≤ k).
For a point p ∈ X , there is an open neighborhood Up of p and a C∞-subvector bundle
Fp of TUp such that rkFp = k and HL|Fp is positive definite. Shrinking Up if necessarily,
we may assume that there is a positive constant cp such that HL(y)(v, v) ≥ cp for all
y ∈ Up and all v ∈ (Fp)(y) with ||v|| = 1. Since X is compact, we have p1, . . . , ps ∈ X
with
⋃s
t=1 Upt = X . We set c = min{cp1 , . . . , cps}. Let x be an arbitrary point of X . If
x ∈ Upt , then we have an orthogonal basis {w1, . . . , wn} of TX,x such that w1, . . . , wk ∈
(Fpt)(x) and HL(x)(wi, wj) = hiδij . Thus hi ≥ cpt ≥ c for 1 ≤ i ≤ k. Therefore we get
our claim.
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Let {w1, . . . , wn} be an orthogonal basis of TX,x as in Claim 2.2.1 and {θ1, . . . , θn}
the dual basis of {w1, . . . , wn}. We set
φ =
∑
i1<···<iq
φi1,... ,iqθ1 ∧ · · · ∧ θn ∧ θ¯i1 ∧ · · · ∧ θ¯iq .
Then by the formula due to Gigante (cf. p.70, (3.6) in [Ko]), we have
−√−1〈(Λe(KL)− e(KL)Λ)φ, φ〉(x) =
∑
i1<···<iq
(hi1 + · · ·+ hiq )||φi1,... ,iq ||2E(x)
≥
∑
i1<···<iq
(q − n+ k)c||φi1,... ,iq ||2E(x)
= (q − n+ k)c〈φ, φ〉(x).
Thus we obtain our lemma by setting cL,q = (q − n+ k)c. 
2.3. Let us start the proof of Theorem 2.1. The idea of this proof is found in [BV] and
[Vo]. Let λq,d be the minimal eigenvalue of the Laplacian q,d. By Lemma 2.7.7 of [Vo],
it is sufficient to see that there are constants c > 0 and c′ ≥ 0 such that
λq,d ≥ cd− c′.
Let ′q,d be the Laplacian on A
n,q(Ld⊗E⊗ω−1X ). As mentioned in the proof of Theorem
1 of [BV], q,d and 
′
q,d have the same spectrum. We set E
′ = E ⊗ ω−1X . Let KE′ and
Kd be curvature forms of E
′ and Ld ⊗E′ respectively. Then we have
Kd = dKL + id⊗KE′ .
For φ ∈ An,q(Ld ⊗E′), by an easy calculation, we get
(′q,dφ, φ) = ||D′φ||2 + ||δ′φ||2 −
√−1 ((Λe(Kd)− e(Kd)Λ)φ, φ)
≥ −d√−1 ((Λe(KL)− e(KL)Λ)φ, φ)
−√−1 ((Λ(id⊗e(KE′))− (id⊗e(KE′))Λ)φ, φ) ,
where D′ is (1, 0)-part of the Hermitian connection of Ld ⊗ E′ and δ′ is the adjoint
operator of D′. By virtue of Lemma 2.2, there is a positive constant c such that
−√−1 ((Λe(KL)− e(KL)Λ)φ, φ) ≥ c(φ, φ)
for all φ ∈ Aq,n(Ld ⊗E′). On the other hand, we can easily find c′ ≥ 0 such that
−√−1 ((Λ(id⊗e(RE′))− (id⊗e(RE′))Λ)φ, φ) ≥ −c′(φ, φ)
for all φ ∈ Aq,n(Ld ⊗E′). Therefore we have an inequality
(′d,qφ, φ) ≥ (cd− c′)(φ, φ).
We choose φ ∈ Aq,n(Ld ⊗ E′) such that ′q,dφ = λq,dφ and (φ, φ) = 1. Thus using the
above inequality, we obtain
λq,n ≥ cd− c′. 
18
Corollary 2.4. Let X be a compact Ka¨hler manifold of dimension n, (L, h) a Hermitian
line bundle on X, and (E, hE) a Hermitian vector bundle on X. For the Hermitian form
HL corresponding to the curvature form of (L, h), we assume that HL(x) is positive semi-
definite and rkHL(x) ≥ n − 1 for all x ∈ X. Then there is a positive constant C such
that
τ(Ld ⊗ E) ≤ Cdn log(d)
for all d ≥ 0.
Proof. Let ζq,d be the zeta function of the Laplacian on A
0,q(Ld ⊗ E). Then
τ(Ld ⊗ E) = −ζ ′1,d(0) +
∑
q≥2
(−1)qqζ ′q,d(0).
By virtue of Theorem 2.1, we have a positive constant C1 such that∑
q≥2
(−1)qqζ ′q,d(0) ≤ C1dn log(d).
On the other hand, by Proposition 2.7.6 of [Vo], for some positive C2, we get
ζ ′1,d(0) ≥ −C2dn log(d).
Thus we obtain our corollary. 
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3. Hermitian modules over arithmetic curves
In this section, we will discuss Hermitian modules over arithmetic curves. Some results
are found in [St] and [Gr]. For reader’s convenience, we will give however an explicit proof
for each result.
Let V be a C-vector space, hV a Hermitian metric on V and W a subvector space of
V . The metric hV induces a metric hW ofW , which is called the submetric of W induced
by hV . Let W
⊥ be the orthogonal complement of W . Then the natural homomorphism
W⊥ −→ V/W is isomorphic. Thus we have a metric hV/W of V/W . This metric is called
the quotient metric of V/W induced by hV .
Lemma 3.1. With notation as above, let x1, . . . , xs be elements of W and xs+1, . . . , xn
elements of V such that {x1, . . . , xs} is a basis of W , {x1, . . . , xn} is a basis of V and
{x¯s+1, . . . , x¯n} is a basis of V/W , where x¯s+1, . . . , x¯n are images of xs+1, . . . , xn in
V/W . Then we have
∣∣∣∣∣∣∣
hV (x1, x1) · · · hV (x1, xn)
...
...
hV (xn, x1) · · · hV (xn, xn)
∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
hW (x1, x1) · · · hW (x1, xs)
...
...
hW (xs, x1) · · · hW (xs, xs)
∣∣∣∣∣∣∣×∣∣∣∣∣∣∣
hV/W (x¯s+1, x¯s+1) · · · hV/W (x¯s+1, x¯n)
...
...
hV/W (x¯n, x¯s+1) · · · hV/W (x¯n, x¯n)
∣∣∣∣∣∣∣
Proof. Let xi = yi + zi be decompositions such that yi ∈ W and zi ∈ W⊥. Then it is
easy to see that
∣∣∣∣∣∣∣
hV/W (x¯s+1, x¯s+1) · · · hV/W (x¯s+1, x¯n)
...
...
hV/W (x¯n, x¯s+1) · · · hV/W (x¯n, x¯n)
∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣
hV (zs+1, zs+1) · · · hV (zs+1, zn)
...
...
hV (zn, zs+1) · · · hV (zn, zn)
∣∣∣∣∣∣∣
and
(x1, . . . , xn) = (x1, . . . , xs, zs+1, . . . , zn)U, where U =
(
Is ∗
0 In−s
)
.
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Hence hV (x1, x1) · · · hV (x1, xn)... ...
hV (xn, x1) · · · hV (xn, xn)
 =
U

hW (x1, x1) · · · hW (x1, xs) 0 · · · 0
...
...
...
...
hW (xs, x1) · · · hW (xs, xs) 0 · · · 0
0 · · · 0 hV (zs+1, zs+1) · · · hV (zs+1, zn)
...
...
...
...
0 · · · 0 hV (zn, zs+1) · · · hV (zn, zn)

tU¯ .
Thus we have our lemma. 
Proposition 3.2. Let K be an algebraic number field and OK the ring of integers of
K. Let 0 → S → E → Q → 0 be an exact sequence of OK-modules and h′, h and h′′
Hermitian metrics of S, E and Q respectively. If, for each infinite place σ of K, h′σ is
the submetric of hσ and h
′′
σ is the quotient metric of hσ, then we have
degL2(E, h) = degL2(S, h
′) + degL2(Q, h
′′).
Proof. This is an immediate consequence of Lemma 3.1. 
Let K be an algebraic number field and OK the ring of integers of K. Let (E, h) be
a Hermitian module over OK . We define an averaged L
2-degree µL2(E, h) of (E, h) as
follows:
µL2(E, h) =
degL2(E, h)
rkE
.
Proposition 3.3. With notation as above, we set SK = Spec(OK). Let h
′ be another
Hermitian metrics of E. Assume that, for each σ ∈ (SK)σ, there is a constant Cσ such
that
hσ(x, x) ≤ Cσh′σ(x, x)
for all x ∈ Eσ. Then we have
µL2(E, h
′) ≤ µL2(E, h) + 1
2
∑
σ∈(SK)∞
logCσ
Proof. Clearly it is sufficient to show the following lemma. 
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Lemma 3.4. Let V be a vector space over the complex number field C and h and h′
Hermitian metrics on V such that h(x, x) ≤ h′(x, x) for all x ∈ V . Let e1, . . . , en be a
basis of V . Then we have det(h(ei, ej)) ≤ det(h′(ei, ej)). Moreover the equality holds if
and only if h = h′.
Proof. We set H = (h(ei, ej)) and H
′ = (h′(ei, ej)). Let U be an unitary matrix such
that h′(Uei, Uej) = λiδij . Here we put hij = h(Uei, Uej). Then by virtue of Hadamard’s
inequality we have
detH = det tUHU ≤ h11 · · ·hnn ≤ λ1 · · ·λn = det tUH ′U = detH ′.
Furthermore, if the equality holds, then hij = 0 for all i 6= j and hii = λi for all i by the
equality condition of Hadamard’s inequality. Thus tUHU = tUH ′U . Hence h = h′. 
Let k ⊆ K be an extension of algebraic number fields and Ok and OK the ring of
integers of k and K respectively. We set Sk = Spec(Ok) and SK = Spec(OK) and denote
by f the natural morphism SK −→ Sk. If for σ ∈ (Sk)∞ we set
f−1∞ (σ) = {σ′ ∈ (SK)∞ | σ′|k = σ},
we have a natural isomorphism
f∗(V )
σ⊗
k
C
∼−→
⊕
σ′∈f−1∞ (σ)
V
σ′⊗
K
C,
where f∗(V )
σ⊗
k
C is a tensor product by the embedding σ : k →֒ C. Thus we have a
metric h′(σ) on f∗(V )
σ⊗
k
C by the above isomorphism. We denote this Hermitian module
on Sk by (f∗V, f∗h) and call it the push-forward of (V, h). The Riemann-Roch theorem
in this situation asserts
degL2(f∗V, f∗h) = degL2(V, h) + (rkV ) degL2(f∗OK , f∗ canK).
Proposition 3.5. Let (E, h) be a Hermitian module on SK . Then the set
{µL2(F, hF ) | F is a sub-sheaf of E and hF is the induced metric by h.}
is discrete subset of R and bounded as above.
Proof. We set
Ml(E, h) =
{
degL2(F, hF )
∣∣∣∣F is a sub-sheaf of E with rk(F ) = l andhF is the induced metric by h.
}
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Then we have
{µL2(F, hF ) | F is a sub-sheaf of E and hF is the induced metric by h.} =
M0(E, h) ∪M1(E, h) ∪ · · · ∪ 1
l
Ml(E, h) ∪ · · · ∪ 1
rkE
MrkE(E, h).
Thus it is sufficient to see that Ml(E, h) is discrete on R and bounded as above for each
l. Let Etor be the torsion part of E and E¯ = E/Etor. Let F be a sub-sheaf of E with
rkF = l, Ftor the torsion part of F and F¯ = F/Ftor. Then,
degL2(F, hF ) = log#(Ftor) + degL2(F¯ , hF¯ ), F¯ ⊆ E¯ and Ftor ⊆ Etor.
Thus we have
Ml(E, h) ⊆Ml(E¯, h) + {log(i) | i ∈ Z with 1 ≤ i ≤ #(Etor)}
Therefore we may assume E is torsion free.
If we denote by f the natural morphism SK −→ SQ, by Riemann-Roch theorem, we
have
degL2(f∗F, f∗hF ) = degL2(F, hF ) + l degL2(f∗OK , f∗ canK)
implies
Ml(E, h) ⊆Mln(f∗E, f∗h)− l degL2(f∗OK , f∗ canK),
where n = [K : Q]. Thus we may assume K = Q. Since Ml(E, h) ⊆M1(
∧l
E,
∧l
h), we
may furthermore assume l = 1.
We set E = Zx1 ⊕ · · · ⊕ Zxr and
H =
h(x1, x1) · · · h(x1, xr)... ...
h(xr, x1) · · · h(xr, xr)
 .
Since H is a Hermitian matrix, there is an unitary matrix U such that
H = tU diag(λ1, . . . , λr)U¯
and 0 < λ1 ≤ · · · ≤ λr. Let F be a sub-module of E of rank 1. We set F = Z(a1x1 +
· · ·+ arxr), ai ∈ Z (1 ≤ i ≤ r) and (b1, . . . , br) = (a1, . . . , ar)tU . Then
degL2(F, hF ) = −
1
2
logh((a1, . . . , ar), (a1, . . . , ar))
= −1
2
log(λ1|b1|2 + · · ·+ λr|br|2)
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Thus since |a1|2 + · · ·+ |ar|2 = |b1|2 + · · ·+ |br|2, we have
−1
2
log(λr(|a1|2 + · · ·+ |ar|2)) ≤ degL2(F, hF ) ≤ −
1
2
log(λ1(|a1|2 + · · ·+ |ar|2))
Thus deg(F, hF ) ≤ −1
2
log(λ1), which shows M1(E, h) is bounded as above. Here we
assume that M1(E, h) is not discrete in R. Then there is a sequence {Fn} such that
Fn are distinct rank 1 sub-sheaves of E and lim
n→∞
degL2(Fn, hFn) exits. We set Fn =
Z(a
(n)
1 x1 + · · ·+ a(n)r xr). Since Fn are distinct, we have
lim
n→∞
|a(n)1 |2 + · · ·+ |a(n)r |2 =∞.
Thus by the above inequality, lim
n→∞
degL2(Fn, hFn) = −∞. This is a contradiction. 
Proposition 3.6. Let k ⊆ K be an extension of algebraic number fields and Ok and
OK the ring of integers of k and K respectively. We denote by f the natural morphism
Spec(OK) −→ Spec(Ok). For a Hermitian module (L, h) on Spec(OK) of rank 1, there
is a constant C such that
µL2(F, hF ) ≤ Cm
for all m ≥ 1 and all Ok-submodule F of f∗Lm, where hF is the induced metric by f∗hm.
Proof. First we claim that we may assume L = OK . Let x be a non-zero element of L.
We define a homomorphism φm : OK −→ Lm by φm(1) = x ⊗ · · · ⊗ x. Let h1 be the
induced metric of OK by φ1. Then clearly the induced metric by φm is equal to h
m
1 . We
set Qm = Coker(φm : OK −→ Lm). We consider the exact sequence:
0→ f∗OK → f∗Lm → f∗Qm → 0.
Let F be a Ok-submodule of f∗L
m. Then,
degL2(F ) ≤ degL2(F ∩ f∗OK) + log#(Qm).
Thus we have the claim.
Let F be a Ok-submodule of f∗OK . Let hF be the induced metric by f∗h
m and h′F
the induced metric by f∗ canK . Then, it is easy to see that
µL2(F, hF ) = µL2(F, h
′
F )−
m
2
∑
σ∈(SK)∞
log hσ(1, 1).
Hence we have our proposition by Proposition 3.5. 
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4. Asymptotic behavior of L2-degree of submodules of H0(Lm)
A main purpose of this section is to prove the following theorem.
Theorem 4.1. Let K be an algebraic number field, OK the ring of integers of K and
f : X −→ Spec(OK) an arithmetic variety over OK . Let (L, h) be a Hermitian line
bundle on X, (E, hE) a Hermitian vector bundle on X, and hm a Hermitian metric of
H0(X,Lm ⊗ E) induced by hm ⊗ hE . Then there is a constant C such that
degL2(F, hF )
rkF
≤ Cm logm
for all m > 1 and all submodules F of H0(X,Lm⊗E), where hF is the Hermitian metric
induced by hm.
First of all, we prepare the following Lemma.
Lemma 4.2. Let M be a compact Ka¨hler manifold of dimension d, (L, h) a Hermitian
line bundle on M and Φ a Ka¨hler form on M . Let s ∈ H0(M,L) be a smooth section
and V the set of zero points of s. Then there are constants C and C′ such that∫
M
hm−1(t, t)Φd ≤ Cm6d
∫
M
hm(s⊗ t, s⊗ t)Φd
for all m ≥ 1 and t ∈ H0(M,Lm−1) and that∫
V
hm(t, t)Φd−1 ≤ C′m2d
∫
M
hm(t, t)Φd
for all m ≥ 1 and t ∈ H0(M,Lm).
Proof. Here we claim the following sublemma, which can be proved by the same idea
(due to M. Gromov) as in the proof of Proposition 3 of [GS88].
Sublemma 4.2.1. For a real number p ≥ 1, there is a constant C such that
||t||sup ≤ Cm2d/p||t||Lp
for all m ≥ 1 and t ∈ H0(M,Lm).
Proof. Let x be a point of M , Ux an open neighborhood of x,
Ux
∼−→ Vx ⊆ Cd
a local chart, and ux a local basis of L. From now, we identify Ux with Vx. We set
qx(z) = h(ux, ux) and
r(a, b) = |a1 − b1|+ · · ·+ |ad − bd|
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for a = (a1, . . . , ad), b = (b1, . . . , bd) ∈ Ux. Moreover we set
B(a, R) = {(z1, . . . , zd) ∈ Ux | |zi − ai| ≤ R for all i}
for a point a = (a1, . . . , ad) ∈ Ux and R > 0. Shrinking Ux if necessary, we may assume
that there is a constant Kx such that
|qx(a)− qx(b)| ≤ Kxr(a, b)
for all a, b ∈ Ux. Thus there are an open neighborhood Wx ⊆ Ux of x and a constant rx
with the following properties:
(1) B(a, rx) ⊆ Ux for all a ∈Wx.
(2) qx(z) ≥ qx(a)−Kxr(a, z) > 0 for z ∈ B(a, rx) and a ∈Wx.
Since M =
⋃
x∈M Wx and M is compact, there are finitely many x1, . . . , xn such that
M =
⋃n
i=1Wxi . For simplicity, we set Ui = Uxi , Wi =Wxi , ui = uxi , qi = qxi , Ki = Kxi
and ri = rxi . Let t be a section of H
0(M,Lm). Since M is compact, we can take a ∈M
with ||t||sup =
√
hm(t, t)(a). Let a ∈ Wi (1 ≤ i ≤ n). Using local basis ui, we write
t = f(z)umi . Then,
hm(t, t)p/2 = |f(z)|pqi(z)pm/2.
We take constants gi, Gi and Ci such that gi ≤ qi(z) ≤ Gi for all z ∈ Ui and Φd ≥
Cidx1dy1 · · ·dxddyd, where zj = xj +
√−1yj for 1 ≤ j ≤ d. Let lm be the integral part
of pm/2 and l′m = pm/2− lm. Since |f |p is subharmonic, we have
||t||pLp =
∫
M
hm(t, t)p/2Φd
≥ Ci
∫
B(a,ri)
|f(z)|pqi(z)pm/2dx1dy1 · · ·dxddyd
≥ Cigl
′
m
i
∫
B(a,ri)
|f(z)|pqi(z)lmdx1dy1 · · ·dxddyd
≥ Cigl
′
m
i
∫
B(a,ri)
|f(z)|p(qi(a)−Kir(a, z))lmdx1dy1 · · ·dxddyd
≥ (2π)dCigl
′
m
i |f(a)|p×∫ ri
0
· · ·
∫ ri
0
R1 · · ·Rd(qi(a)−Ki(R1 + · · ·+Rd))lmdR1 · · ·dRd.
On the other hand, by an easy calculation, we can see∫ r
0
x(A−Bx)ldx ≥ r
2
(l + 1)(l + 2)
Al,
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where A > 0, B > 0, r > 0, A−Br > 0 and l is a non-negative integer. Hence we have
||t||pLp ≥
(2π)dCig
l′m
i r
2d
i
(lm + 1)d(lm + 2)d
|f(a)|pqi(a)lm
≥ (2π)
dCir
2d
i
(lm + 1)d(lm + 2)d
(
gi
Gi
)l′m
|f(a)|pqi(a)pm/2
≥ (2π)
dCir
2d
i
(pm/2 + 1)d(pm/2 + 2)d
(
gi
Gi
)
||t||psup.
Here we take a constant C such that
(2π)dCir
2d
i
(pm/2 + 1)d(pm/2 + 2)d
(
gi
Gi
)
≥ C
m2d
,
for all m > 0 and 1 ≤ i ≤ n. Then
||t||pLp ≥
C
m2d
||t||psup.
Thus we have our sublemma. 
To prove the first part of Lemma 4.2, it is sufficient to see the following claim.
Claim 4.2.2. There are constants C1 and C2 such that
||t||L1 ≤ C1md||s⊗ t||L2
for all m ≥ 1 and t ∈ H0(M,Lm−1) and that
||t||L2 ≤ C2m2d||t||L1
for all m ≥ 1 and t ∈ H0(M,Lm−1).
Since h(s, s)−1/2 is integrable, we have∫
M
hm−1(t, t)1/2Φd =
∫
M
h(s, s)−1/2hm(s⊗ t, s⊗ t)1/2Φd
≤
(∫
M
h(s, s)−1/2Φd
)
||s⊗ t||sup.
Thus by Sublemma 4.2.1, we have first inequality of Claim 4.2.2.
Clearly there is a constant C3 such that
||t||L2 ≤ C3||t||sup
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Therefore Sublemma 4.2.1 implies second inequality of Claim 4.2.2.
Next we consider the second assertion of Lemma 4.2. Let v be the volume of V . Using
Sublemma 4.2.1, for some constant C4, we have∫
V
hm(t, t)Φd−1 ≤ v|| t|V ||2sup
≤ v||t||2sup
≤ vC4m2d
∫
M
hm(t, t)Φd.
Thus we get Lemma 4.2. 
Now let us go back to the proof of Theorem 4.1. To get Theorem 4.1, clearly we may
assume that X is normal.
4.3 Reduction 1. We may assume that E is a line bundle.
Let g : Y = P(E) −→ X be the projective bundle of E and O(1) the tautological line
bundle of E. We can define the quotient metric hO(1) on O(1) by the natural surjective
homomorphism g∗(E)→ O(1). We consider an isomorphism:
αm : H
0(X,Lm ⊗ E) −→ H0(Y, g∗(L)m ⊗O(1)).
Let F be a submodule of H0(X,Lm ⊗ E). Let hF be a Hermitian metric of F induced
by hm⊗hE and hαm(F ) a Hermitian metric of αm(F ) induced by g∗(h)m⊗hO(1). Then,
by Proposition 3.3, we have
µ(F, hF ) ≤ µ(αm(F ), hαm(F )).
Thus we get Reduction 1.
4.4 Reduction 2. We may assume that H0(X,E) 6= 0.
Let (E′, hE′) be a Hermitian line bundle onX such thatH
0(X,E′) 6= 0 andH0(X,E⊗
E′) 6= 0. Let s1 be a non-zero section of H0(X,E′). We consider an injective homomor-
phism:
βm : H
0(X,Lm ⊗ E) ⊗s1−→ H0(X,Lm ⊗ E ⊗ E′).
We take a constant B1 such that ||(s1)σ||sup ≤ B1 for all σ ∈ K∞. Then we have
||βm(t)σ||L2 ≤ B1||tσ||L2
for all t ∈ H0(X,Lm ⊗ E) and all σ ∈ K∞. Thus, by Proposition 3.3, for a submodule
F of H0(X,Lm ⊗E), we obtain
µ(F, hF ) ≤ µ(βm(F ), hβm(F )) + [K : Q] logB1.
Therefore, we get Reduction 2.
28
4.5 Reduction 3. We may assume that E = (OX , canK).
Let s2 be a non-zero section of H
0(X,E). We consider an injective homomorphism:
γm : H
0(X,Lm ⊗ E) ⊗s
m−1
2−→ H0(X, (L⊗ E)m).
We take a constant B2 such that ||(s2)σ||sup ≤ B2 for all σ ∈ K∞. Then, by the same
way as in Reduction 2, for a submodule F of H0(X,Lm ⊗ E), we have
µ(F, hF ) ≤ µ(γm(F ), hγm(F )) + (m− 1)[K : Q] logB2.
Therefore, we get Reduction 3.
4.6 Reduction 4. We may assume that L is very ample.
Let (L′, hL′) be a Hermitian line bundle on X such that H
0(X,L′) 6= 0 and L ⊗ L′
is very ample. Let s3 be a non-zero section of H
0(X,L′). We consider an injective
homomorphism:
δm : H
0(X,Lm)
⊗sm
3−→ H0(X, (L⊗ L′)m).
We take a constant B3 such that ||(s3)σ||sup ≤ B3 for all σ ∈ K∞. Then, by the same
way as in Reduction 2, for a submodule F of H0(X,Lm ⊗ E), we have
µ(F, hF ) ≤ µ(δm(F ), hδm(F )) +m[K : Q] logB3.
Therefore, we get Reduction 4.
4.6. Let us go to the main part of the proof of Theorem 4.1. Gathering Reduction
1–4, we may assume that (E, h) = (OX , canK) and L is very ample. We use induction
on dim f . If dim f = 0, this theorem holds by Proposition 3.6. Here we remark the
following.
Remark 4.7.1. For a base extension Spec(OK′) −→ Spec(OK) and OK -submodule
F ⊆ H0(X,Lm), we get
F ⊗OK′ ⊆ H0(X ⊗OK′ , (L⊗OK′)m)
and
µL2(F ⊗OK′ , hF ⊗OK′) = [K ′ : K]µL2(F, hF ).
For s ∈ H0(X,L), we denote by div(s) the set of zero of s. Since L is very ample, by
the above Remark 4.7.1, considering a base change of f : X −→ Spec(OK) if necessarily,
we may assume that there is a section s ∈ H0(X,L) such that div(s) −→ Spec(OK) is
generically smooth. Let V ′ = div(s), V the horizontal component of V ′, IV the defining
ideal of V . We give a Hermitian metric hIV of IV by h
−1. Let
X
f ′−→ Spec(OK′) pi−→ Spec(OK)
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be the Stein factorization of X
f−→ Spec(OK). Then f ′∗(IV ⊗ OX(V ′)) is a torsion free
sheaf of rank 1 and the natural homomorphism
IV ⊗OX(V ′) −→ f ′∗(f ′∗(IV ⊗OX(V ′)))
is injective because IV ⊗ OX(V ′) is isomorphic to OXK′ on the generic fiber XK′ of
f ′. Since f ′∗(IV ⊗ OX(V ′)) is of rank 1, there is a factorial ideal A of OK such that
f ′∗(IV ⊗OX (V ′)) ⊆ π∗(A). In particular, we have IV ⊗OX(V ′) ⊆ f∗(A). Here we give a
trivial Hermitian metric hA to A. Then the inclusion IV ⊗OX(V ′) ⊆ f∗(A) is isometry.
Let F be a submodule of H0(X,Lm) and hF the induced metric by hm. We consider
the exact sequence:
0→ H0(X,Lm ⊗ IV )→ H0(X,Lm)→ H0(V, Lm).
We set T = F ∩ H0(X,Lm ⊗ IV ) and Q = F/F ∩ H0(X,Lm ⊗ IV ). Let hT be the
submetric of hF and hQ the quotient metric of hF . Then by Proposition 3.2, we have
(4.7.2) µL2(F, hF ) =
t
t+ q
µL2(T, hT ) +
q
t+ q
µL2(Q, hQ),
where t = rkT and q = rkQ. Let h′T be the submetric induced by h
m ⊗ hIV = hm−1.
Since Q is a submodule of H0(V, Lm), we get a metric h′Q induced by (h|V )m. If we set
d = dim f , by Proposition 3.3 and Lemma 4.2, there are constants C1 and C2 such that
(4.7.3) µL2(T, hT ) ≤ µL2(T, h′T ) +
logC1 + 6d logm
2
[K : Q]
and
(4.7.4) µL2(Q, hQ) ≤ µL2(Q, h′Q) +
logC2 + 2d logm
2
[K : Q],
for all m ≥ 1. By hypothesis of induction, there is a constant C3 such that
(4.7.5) µL2(N, hN ) ≤ C3m logm
for all m > 1 and all submodule N of H0(V, Lm). On the other hand, due to Proposi-
tion 3.5, we can take a constant C4 such that
(4.7.6) µL2(P, hP ) ≤ C4
for all submodule P of H0(X,L2). Moreover
µL2(T, h
′
T ) = µL2(T ⊗A−1, h′T ⊗ h−1A ) + µL2(A, hA)
and T ⊗ A−1 ⊆ H0(X,Lm−1). We choose C satisfying
(4.7.7)

µL2(A, hA) +
logC1 + 6d logm
2
[K : Q] ≤ C logm
C3m logm+
logC2 + 2d logm
2
[K : Q] ≤ Cm logm
C4 ≤ C(2 log 2)
for all m > 0. Here we claim:
30
Claim 4.7.8. µL2(F, hF ) ≤ Cm logm for allm > 1 and all submodules F of H0(X,Lm).
We prove this claim by induction on m. By hypothesis of induction on m, we have
µL2(T ⊗A−1, h′T ⊗ h−1A ) ≤ C(m− 1) log(m− 1).
Thus by (4.7.3) and (4.7.7), we get
µL2(T, hT ) ≤ Cm logm.
On the other hand, (4.7.4), (4.7.5) and (4.7.7) imply
µL2(Q, hQ) ≤ Cm logm.
Hence by (4.7.2), we obtain
µL2(F, hF ) ≤ t
t+ q
Cm logm+
q
t+ q
Cm logm = Cm logm. 
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5. Vanishing of a certain Bott-Chern secondary class
This section is devoted to prove the following lemma.
Lemma 5.1. Let C be a compact Riemann surface, E a vector bundle of rank r on C
and h a projectively flat metric of E. Let f : Y = P(E) −→ C be the projective bundle
of E and OY (1) the tautological line bundle. Let E : 0 → F → f∗E → OY (1) → 0 be
the canonical exact sequence. We give the canonical Hermitian metrics on F , f∗E and
OY (1) induced by the Hermitian metric h of E. Then we have∫
Y
{(
c1(OY (1))− 1
r
f∗(c1(E))
) r∑
i=1
(−1)ic˜i(E)c1(OY (1))r−i
}
= 0.
Proof. First we notice that we may assume that detE is divisible by r in Pic(C) consid-
ering a finite covering of C. We set
Φ(E) =
r∑
i=1
(−1)ic˜i(E)c1(OY (1))r−i.
Let L be a Hermitian line bundle on C. We will see Φ(E ⊗L) = Φ(E). Using the formula
of (1.3.3.2) in [GS90b], we have
Φ(E ⊗ L) =
r∑
i=1
(−1)ic˜i(E ⊗ L) (c1(OY (1)) + f∗(c1(L)))r−i
=
r∑
i=1
(−1)i (c˜i(E) + (r − i+ 1)c˜i−1(E)f∗(c1(L)))×
(
c1(OY (1))r−i + (r − i)c1(OY (1))r−i−1f∗(c1(L))
)
= Φ(E) +
r∑
i=1
(−1)i(r − i)c˜i(E)c1(OY (1))r−i−1f∗(c1(L))+
r∑
i=1
(−1)i(r − i+ 1)c˜i−1(E)c1(OY (1))r−if∗(c1(L))
= Φ(E).
Since detE is divisible by r in Pic(C), we can take a Hermitian line bundle (L, hL)
such that (L, hL)
⊗r = (detE, deth). We set E′ = E ⊗ L−1. Then c1(E′) = 0. These
observations show us that we may assume that c1(E) = 0.
Thus, to get our assertion, it is sufficient to see that∫
Y
c˜i(E)c1(OY (1))r−i+1 = 0
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for i = 1, . . . , r. We denote the homomorphisms F −→ f∗E and f∗E −→ OY (1) by
ι and τ respectively. Let p : Y × P1 −→ Y and q : Y × P1 −→ P1 be the natural
projections. Let σ ∈ H0(P1,OP1(1)) be a non-zero section such that σ(∞) = 0. Let
hO
P1
(1) be a metric of OP1(1) such that hO
P1
(1)(σ, σ)
∣∣
0
= 1. We set
E˜ = Coker (p∗ι⊕ (idp∗F ⊗σ) : p∗F −→ p∗f∗E ⊕ (p∗F ⊗ q∗OP1(1))) .
Let F⊥ be the orthogonal complement of F in f∗E. Using the natural bijective homo-
morphism
p∗F⊥ ⊕ (p∗F ⊗ q∗OP1(1)) −→ E˜,
we give a metric h˜ on E˜. Let x, x′ ∈ p∗f∗E and
x = x1 + x2 (x1 ∈ p∗F, x2 ∈ p∗F⊥), x′ = x′1 + x′2 (x′1 ∈ p∗F, x′2 ∈ p∗F⊥)
the orthonormal decompositions. Then we have
h˜(x, x′)− hE(x, x′) = (||σ||2 − 1)hE(x1, x′1).
These observation shows us that (E˜, h˜)
∣∣∣
Y×{0}
is isometric to (f∗E, hE). On the other
hand, clearly (E˜, h˜)
∣∣∣
Y×{∞}
is isometric to (F, hF ) ⊕ (OY (1), hOY (1)). Hence by the
construction of c˜i(E) (cf. 1.3)
c˜i(E) =
∫
P1
ci(E˜, h˜) log |z|2,
where z is an inhomogeneous coordinate of P1. Thus using Fubini’s theorem, we have∫
Y
c˜i(E)c1(OY (1))r−i+1 =
∫
Y
{
c1(OY (1))r−i+1
∫
P1
ci(E˜, h˜) log |z|2
}
=
∫
Y×P1
p∗c1(OY (1))r−i+1ci(E˜, h˜) log |z|2
=
∫
P1
{
log |z|2
∫
Y
p∗c1(OY (1))r−i+1ci(E˜, h˜)
}
.
Hence it is sufficient to see that∫
Y
p∗c1(OY (1))r−i+1ci(E˜, h˜) = 0
for z 6= ∞. Since E is flat, we can take a local flat frame s0, . . . , sr−1 of E such
that hE(si, sj) = δij . Let X0, . . . , Xr−1 be a homogeneous coordinate of Y = P(E)
corresponding to s0, . . . , sr−1. On X0 6= 0, we set zi = Xi/X0 and
g =
s0 + z¯1s1 + · · ·+ z¯r−1sr−1
1 + |z1|2 + · · ·+ |zr−1|2 .
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Then g ∈ F⊥ and τ(g) = τ(s0). Since
s0 = (s0 − g) + g and si = (si − zig) + zig (i = 1, · · · , r − 1)
are orthogonal decompositions of s0 and si respectively, we have
(h˜(si, sj)) = ||σ||2(δij)+
1− ||σ||2
1 + |z1|2 + · · ·+ |zr−1|2

1 z¯1 z¯2 · · · z¯r−1
z1 |z1|2 z1z¯2 · · · z1z¯r−1
z2 z2z¯1 |z2|2 . . . z2z¯r−1
...
...
... · · · ...
zr−1 zr−1z¯1 zr−1z¯2 · · · |zr−1|2
 .
Thus we get
ci(E˜, h˜) ∈ A0,0[dz, dz1, . . . , dzr−1, dz¯, dz¯1, . . . , dz¯r−1].
On the other hand, since
hE(g, g) =
1
1 + |z1|2 + · · ·+ |zr−1|2 ,
we obtain
c1(OY (1)) ∈ A0,0[dz1, . . . , dzr−1, dz¯1, . . . , dz¯r−1].
Therefore since p∗c1(OY (1))r−i+1ci(E˜, h˜) is (r + 1, r + 1)-form and lies in
A0,0[dz, dz1, . . . , dzr−1, dz¯, dz¯1, . . . , dz¯r−1],
we obtain
p∗c1(OY (1))r−i+1ci(E˜, h˜) = 0
on the chart X0 6= 0. Hence we have our lemma. 
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6. Donaldson’s Lagrangian and arithmetic second Chern class
Let M be an n-dimensional complex manifold, and E a vector bundle of rank r onM .
Let h and k be Hermitian metrics of E, and {ht}0≤t≤1 a C∞-deformation of Hermitian
metrics of E such that h0 = h and h1 = k. Let Rt be the curvature of ht. We set
Q1(E, h, k) = log(det(h)/ det(k)),
Q2(E, h, k) =
√−1
∫ 1
0
tr(h−1t · (∂tht) ·Rt)dt,
c˜h2(E, h, k) = c˜h2(0→ (E, k)→ (E, h)→ (0, 0)→ 0).
By Lemma (3.6) in Chapter VI of [Ko], Q2(E, h, k) is uniquely determined by h and k
up to ∂(A0,1)+∂(A1,0). Then, by comparing (1, 1)-part of the formula in Corollary 1.30,
ii) of [BGS], we have the following lemma. (Note that c˜h2(E, h, k) = c˜h2(0 → (E, h)→
(E, k)→ (0, 0)→ 0) in the sense of [BGS].)
Lemma 6.1. c˜h2(E, h, k) = − 1
2π
Q2(E, h, k) modulo ∂(A
0,1) + ∂(A1,0).
Here we assume that M is compact and Ka¨hler. Let Φ be a Ka¨hler form of M . The
Donaldson’s Lagrangian DL(E, h, k; Φ) is defined by
DL(E, h, k; Φ) =
∫
M
(Q2(E, h, k)− c
n
Q1(E, h, k)Φ) ∧ Φ
n−1
(n− 1)! ,
where
c =
2nπ
∫
M
c1(E) ∧ Φn−1
r
∫
M
Φn
.
We fix a Hermitian metric k of E. Then, by Proposition (3.37) in Chapter VI of [Ko],
the following are equivalent.
(i) DL(E, h0, k; Φ) gives the absolute minimal value of
{DL(E, h, k; Φ) | h is a Hermitian metric of E}.
(ii) h0 is Einstein-Hermitian.
Lemma 6.2. Let K be an algebraic number field and OK the ring of integers. Let
f : X −→ Spec(OK) be an arithmetic variety with dimX = d ≥ 2, and (H, hH) a
Hermitian line bundle on X such that, for each σ ∈ K∞, c1(Hσ, hHσ ) gives a Ka¨hler
form Φσ on an infinite fiber Xσ. Let E be a vector bundle on X, and h and h
′ Hermitian
metrics of E. If det(h) = det(h′), then we have
(ĉ2(E, h)− ĉ2(E, h′)) · ĉ1(H, hH)d−2 = (d− 2)!
2π
∑
σ∈K∞
DL(Eσ, hσ, h
′
σ; Φσ).
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Proof. Since det(h) = det(h′), we have ĉ1(E, h) = ĉ1(E, h
′). Thus we get
ĉ2(E, h)− ĉ2(E, h′) = −(ĉh2(E, h)− ĉh2(E, h′)).
Therefore, by Lemma 6.1, we obtain
ĉ2(E, h)− ĉ2(E, h′) = 1
2π
∑
σ∈K∞
Q2(Eσ, hσ, h
′
σ).
Hence we have our formula because Q1(Eσ, hσ, h
′
σ) = 0 for all σ ∈ K∞. 
Theorem 6.3. Let K be an algebraic number field and OK the ring of integers. Let
f : X −→ Spec(OK) be an arithmetic variety with dimX = d ≥ 2, and (H, hH) a
Hermitian line bundle on X such that, for each σ ∈ K∞, c1(Hσ, hHσ ) gives a Ka¨hler
form Φσ on an infinite fiber Xσ. Let E be a vector bundle of rank r on X. For a
Hermitian metric h of E, we set
∆(E, h) =
(
ĉ2(E, h)− r − 1
2r
ĉ1(E, h)
2
)
· ĉ1(H, hH)d−2.
If E is Φσ-poly-stable on each infinite fiber Xσ, then we have;
(1) the set ∆ = {∆(E, h) | h is a Hermitian metric of E} has the absolute minimal
value.
(2) ∆(E, h0) attaches the minimal value of ∆ if and only if h0 is weakly Einstein-
Hermitian on each infinite fiber.
Proof. Since E is poly-stable on each infinite fiber, there is an Einstein-Hermitian metric
k of E. We set ρ = r
√
det(k)/ det(h) and h′ = ρh. Then it is easy to see that det(h′) =
det(h) and ∆(E, h) = ∆(E, h′). Thus by Lemma 6.2,
∆(E, h)−∆(E, k) = ∆(E, h′)−∆(E, k)
= (ĉ2(E, h
′)− ĉ2(E, k)) · ĉ1(H, hH)d−2
=
(d− 2)!
2π
∑
σ∈K∞
DL(Eσ, h
′
σ, kσ; Φσ).
Here, since DL is the Donaldson’s Lagrangian, we get∑
σ∈S∞
DL(Eσ, h
′
σ, kσ; Φσ) ≥ 0
and the equality holds if and only if h′ is Einstein-Hermitian on each infinite fiber. Thus
we have our theorem. 
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7. Second fundamental form
Let M be a complex manifold and (E, h) a Hermitian vector bundle on M . Let
0→ S → E → Q→ 0 be an exact sequence of vector bundles. Let h′ and h′′ be Hermit-
ian metrics of S and Q induced by h respectively. Let E = S ⊕ S⊥ be the orthogonal
decomposition of E by h. Let D(E, h), D(S, h′) and D(Q, h′′) be the Hermitian con-
nections of (E, h), (S, h′) and (Q, h′′) respectively. Moreover, let K(E, h), K(S, h′) and
K(Q, h′′) be the curvatures of (E, h), (S, h′) and (Q, h′′) respectively. The Hermitian
connection D(E, h) has the following form:
D(E, h) =
(
D(S, h′) −A∗
A D(Q, h′′)
)
,
where A ∈ A1,0(Hom(S, S⊥)) and A∗ is the adjoint of A. A is called the second funda-
mental form of
0→ (S, h′)→ (E, h)→ (Q, h′′)→ 0.
It is well known that the exact sequence 0 → S → E → Q → 0 induces the orthogonal
decomposition (E, h) = (S, h′′)⊕ (Q, h′′) if and only if A vanishes identically. We set
Dt = D(E, h) + (e
t − 1)
(
0 0
A 0
)
and Kt = (Dt)
2.
Then, by Proposition 3.28 and Lemma 4.7 of [BC], we have
tr(K(E, h)2)− tr(K2t ) =
2π
√−1ddc
(∫ 0
t
{
tr
(
Kt ·
(
1 0
0 0
))
+ tr
((
1 0
0 0
)
·Kt
)}
dt
)
.
Therefore, since tr(K(S, h′)) is d-closed, by an easy calculation, we get
tr(K(E, h)2)− tr(K2t ) = −4π
√−1(1− et)ddc (tr(A∗ ∧ A)) .
Thus we obtain
tr(K(E, h)2)− tr(K(S, h′)2 ⊕K(Q, h′′)2) = −4π√−1ddc (tr(A∗ ∧A))
because
lim
t→−∞
tr(K2t ) = tr(K(S, h
′)2 ⊕K(Q, h′′)2).
These observations show us the following lemma.
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Lemma 7.1. With notation being as above, we have
ch2(E, h)− ch2((S, h′)⊕ (Q, h′′)) = ddc
(√−1
2π
tr(A∗ ∧ A)
)
.
In particular, by the axiomatic characterization of c˜h2, we get
c˜h2(0→ (S, h′)→ (E, h)→ (Q, h′′)→ 0) =
√−1
2π
tr(A∗ ∧ A)
modulo ∂(A0,1) + ∂¯(A1,0).
Remark 7.2. In the sense of [BGS],
c˜h2(0→ (S, h′)→ (E, h)→ (Q, h′′)→ 0) = −
√−1
2π
tr(A∗ ∧ A).
Here we assume that M is an n-dimensional compact Ka¨hler manifold with a Ka¨hler
form Φ. Let θ1, . . . , θn be a local unitary frame of Ω1M . Then Φ =
√−1∑ θi ∧ θ¯i. We
set A =
∑
Aiθ
i. Since A∗ =
∑
A∗i θ¯
i, we get
√−1 tr(A∗ ∧ A) ∧ Φ
n−1
(n− 1)! =
√−1
n∑
i=1,j=1
tr(A∗i ∧Aj)(θ¯i ∧ θj) ∧
Φn−1
(n− 1)!
= −
n∑
i=1
tr(A∗i ∧ Ai)
√−1(θi ∧ θ¯i) ∧ Φ
n−1
(n− 1)!
= −|A|2Φ
n
n!
,
which implies that∫
M
c˜h2(0→ (S, h′)→ (E, h)→ (Q, h′′)→ 0) ∧ Φ
n−1
(n− 1)! = −
1
2π
||A||2.
Thus we have the following proposition.
Proposition 7.3. Let K be an algebraic number field and OK the ring of integers. We
denote by K∞ the set of all embeddings of K into C. Let f : X −→ Spec(OK) be a
regular arithmetic variety with dimX = d ≥ 2, and (H, hH) a Hermitian line bundle on
X such that, for each σ ∈ K∞, c1(Hσ, hHσ) gives a Ka¨hler form Φσ on an infinite fiber
Xσ. Let 0 → S → E → Q → 0 be an exact sequence of torsion free sheaves such that
each torsion free sheaf is locally free on the generic fiber. Let h be a Hermitian metric
of E, and h′ and h′′ Hermitian metrics of S and Q induced by h respectively. Then, we
have the following:(
ĉh2(E, h)− ĉh2((S, h′)⊕ (Q, h′′))
)
· ĉ1(H, hH)d−2 = −(d− 2)!
2π
∑
σ∈K∞
||Aσ||2,
(ĉ2(E, h)− ĉ2((S, h′)⊕ (Q, h′′))) · ĉ1(H, hH)d−2 = (d− 2)!
2π
∑
σ∈K∞
||Aσ||2.
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Corollary 7.4. Let K be an algebraic number field and OK the ring of integers. We
denote by K∞ the set of all embeddings of K into C. Let f : X −→ Spec(OK) be a
regular arithmetic variety with dimX = d ≥ 2, and (H, hH) a Hermitian line bundle on
X such that, for each σ ∈ K∞, c1(Hσ, hHσ) gives a Ka¨hler form Φσ on an infinite fiber
Xσ. Let
0 = E0 ⊂ E1 ⊂ · · · ⊂ El−1 ⊂ El
be a filtration of torsion free sheaves on X such that
(i) Ei is locally free on the generic fiber for every 1 ≤ i ≤ l, and that
(ii) Ei/Ei−1 is torsion free and locally free on the generic fiber for every 1 ≤ i ≤ l.
Let hl be a Hermitian metric of El and hi the induced metric of Ei by hl. Let Qi =
Ei/Ei−1 and ki the quotient metric of Qi induced by hi. Then, we have{
ĉ2(El, hl)− ĉ2((Q1, k1)⊕ · · · ⊕ (Ql, kl))
} · ĉ1(H, hH)d−2 ≥ 0.
Further, the equality of the above inequality holds if and only if (El, hl) is isometric to
(Q1, h1)⊕ · · · ⊕ (Ql, hl) on each infinite fiber.
Proof. We will prove the following inequality inductively.{
ĉ2(El, hl)− ĉ2((Ei, hi)⊕ (Qi+1, ki+1)⊕ · · · ⊕ (Ql, kl))
} · ĉ1(H, hH)d−2 ≥ 0.
In the case where i = l− 1, the above inequality is an immediate consequence of Propo-
sition 7.3. Here we consider an exact sequence:
0→ Ei−1 → Ei → Qi → 0.
By Proposition 7.3, we have{
ĉ2(Ei, hi)− ĉ2((Ei−1, hi−1)⊕ (Qi, ki))
} · ĉ1(H, hH)d−2 ≥ 0.
Therefore, we obtain{
ĉ2((Ei, hi)⊕ (Qi+1, ki+1)⊕ · · · ⊕ (Ql, kl))−
ĉ2((Ei−1, hi−1)⊕ (Qi, ki)⊕ (Qi+1, ki+1)⊕ · · · ⊕ (Ql, kl))
} · ĉ1(H, hH)d−2 ≥ 0.
Hence, combining hypothesis of induction, we get{
ĉ2(El, hl)− ĉ2((Ei−1, hi−1)⊕ (Qi, ki)⊕ · · · ⊕ (Ql, kl))
} · ĉ1(H, hH)d−2 ≥ 0.
Thus we have our corollary. 
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8. Proof of the main theorem
First of all, we will prepare the following two lemmas.
Lemma 8.1. Let k an algebraically closed field and K an extension field of k. Let X be
a normal projective variety over k, H an ample line bundle on X, and E a vector bundle
on X. Then E is H-stable (resp. H-semistable) if and only if E ⊗k K is H ⊗k K-stable
(resp. H ⊗k K-semistable).
Proof. Clearly, if E⊗kK is H⊗kK-stable (resp. H⊗kK-semistable), then E is H-stable
(resp. H-semistable).
We assume that E ⊗k K is not H ⊗k K-stable (resp. not H ⊗k K-semistable). Then
there is a subsheaf F of E ⊗k K with µ(F ) ≥ µ(E) (resp. µ(F ) > µ(E)). Here we can
take elements x1, · · · , xn of K such that F is defined over k(x1, . . . , xn). We consider a
normal projective variety Y over k such that k(Y ) = k(x1, . . . , xn). We set Z = X ×k Y
and let p : Z → X be the projection. By the assumption, for the generic point η ∈ Y ,
p∗(E)|X×{η¯} is notH-stable (resp. notH-semistable). Therefore, by [Ma1], p∗(E)|X×{y}
is not H-stable (resp. not H-semistable) for all closed point y of Y . Thus E is not H-
stable (resp. not H-semistable). 
Lemma 8.2. Let k be a Galois extension over Q with a Galois group G = Gal(k/Q).
Let X be a smooth projective variety over k, H an ample line bundle on X, and E a
vector bundle on X. Then if E ⊗k Q is stable (resp. semistable), then, for every σ ∈ G,
E⊗σk Q is also stable (resp. semistable), where E⊗σk Q is a tensor product with using an
embedding σ : k → Q.
Proof. Assume that E⊗σkQ is not stable (resp. not semistable). Then there is a subsheaf
F of E ⊗σk Q such that µ(F ) ≥ µ(E) (resp. µ(F ) > µ(E)). We may assume that F is
defined over a field k′ such that k ⊂ k′ and k′ is a Galois extension over Q. We take
an element σ′ of Gal(k′/Q) with σ′|k = σ. Here we give a right k′-module structure to
(E ⊗σk k′) by (e⊗ a) · λ = e⊗ aσ′(λ). Then if we consider a correspondence e⊗ a⊗ b 
e⊗ σ′−1(a)σ′(b), we can easily to see that (E ⊗σk k′)⊗σ
′−1
k′ k
′ ≃ E ⊗k k′. Moreover, if we
give a right k′-module structure to (E⊗σk k′)⊗σ
′−1
k′ k
′ by (e⊗a⊗ b) ·λ = e⊗a⊗ bσ′−1(λ),
then the above is an isomorphism as k′-modules. Thus F⊗σ′−1k′ k′ is a subsheaf of E⊗k k′.
On the other hand, since the intersection number does not change by an extension of the
grand field, we have µ(F ) = µ(F ⊗σ′−1k′ k′). This is a contradiction. 
Let us start the proof of the main theorem. We follow steps in Introduction.
8.3 Step 1. We try to reduce our theorem to the case where E is poly-stable on each
infinite fiber. Since E⊗K Q is semistable, there is a Jordan-Ho¨lder filtration of E⊗K Q:
0 = E0 ⊂ E1 ⊂ · · · ⊂ El−1 ⊂ El = E ⊗K Q
such that Ei/Ei−1 is stable for all 1 ≤ i ≤ l and µ(E1/E0) = µ(E2/E1) = · · · =
µ(El/El−1). Considering a base change of OK , we may assume that Ei is defined over K
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and K is a Galois extension over Q. Moreover, if we take a suitable birational change of
X , we may assume that X is regular, Ei is defined over X and that Ei/Ei−1 is torsion
free. We set Qi = Ei/Ei−1. We give a Hermitian metric hi to each Ei induced by h.
Here we consider an exact sequence:
0→ Ei−1 → Ei → Qi → 0.
Let ki be the quotient metric of Qi by the above exact sequence, and Q
∨∨
i the double
dual of Qi. Lemma 8.1 and Lemma 8.2 imply Q
∨∨
1 ⊕ · · · ⊕ Q∨∨l is poly-stable on each
infinite fiber. Thus by hypothesis of reduction, we have
ĉ2((Q
∨∨
1 , k1)⊕ · · · ⊕ (Q∨∨l , kl))−
r − 1
2r
ĉ1((Q
∨∨
1 , k1)⊕ · · · ⊕ (Q∨∨l , kl))2 ≥ 0.
Corollary 7.4 implies that
ĉ2(E, h) ≥ ĉ2((Q1, k1)⊕ · · · ⊕ (Ql, kl)).
On the other hand, clearly we have
ĉ2((Q1, k1)⊕ · · · ⊕ (Ql, kl)) ≥ ĉ2((Q∨∨1 , k1)⊕ · · · ⊕ (Q∨∨l , kl))
and
ĉ1(E, h) = ĉ1((Q
∨∨
1 , k1)⊕ · · · ⊕ (Q∨∨l , kl)).
Thus we get Step 1.
8.4 Step 2. By Theorem 6.3, we may assume that h is Einstein-Hermitian on each
infinite fiber.
8.5 Step 3. Let π : Y = P(E) −→ X be the projective bundle of E and OY (1) the
tautological line bundle. Let E : 0 → F → π∗E → OY (1) → 0 be the canonical exact
sequence. We give the canonical Hermitian metrics on F , π∗E and OY (1) induced by
the Hermitian metric of E. We set L = OY (r)⊗ π∗(detE)−1. Here we consider
deg
(
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)r+1
.
We set
Φ =
∑
σ∈S∞
r∑
i=1
(−1)ic˜i(Eσ)c1(OYσ(1))r−i.
Then by (1.9.1)
ĉ1(OY (1))r − π∗(ĉ1(E))ĉ1(OY (1))r−1 + π∗(ĉ2(E))ĉ1(OY (1))r−2 = a(Φ).
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Thus we have(
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)r+1
=
r − 1
2r
π∗(ĉ1(E)
2)ĉ1(OY (1))r−1
− π∗(ĉ2(E))ĉ1(OY (1))r−1
+
(
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)
a(Φ).
Since
π∗(π
∗(ĉ1(E)
2)ĉ1(OY (1))r−1) = ĉ1(E)2
and
π∗(π
∗(ĉ2(E))ĉ1(OY (1))r−1) = ĉ2(E)
by projection formula, we have
π∗
(
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)r+1
=
r − 1
2r
(ĉ1(E)
2)− (ĉ2(E))+
π∗
((
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)
a(Φ)
)
.
On the other hand, since
deg
((
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)
a(Φ)
)
is equal to∑
σ∈S∞
∫
Yσ
{(
c1(OYσ(1))−
1
r
π∗(c1(Eσ))
) r∑
i=1
(−1)ic˜i(Eσ)c1(OYσ (1))r−i
}
,
Lemma 5.1 implies
deg
((
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)
a(Φ)
)
= 0.
Therefore, we get
deg
(
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)r+1
=
r − 1
2r
(ĉ1(E)
2)− (ĉ2(E)).
On the the other hand,
(Lr+1) = rr+1 deg
(
ĉ1(OY (1))− 1
r
π∗(ĉ1(E))
)r+1
.
Thus we have
(Lr+1) ≤ 0 =⇒ r − 1
2r
ĉ1(E, h)
2 ≤ ĉ2(E, h).
Hence it is sufficient to show that (Lr+1) ≤ 0.
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8.6 Step 4. Let (N, h) be a Hermitian line bundle onX such thatN is ample, deg(NK) >
2g(XK)− 2 and that L⊗π∗N is ample. By the arithmetic Grothendieck-Riemann-Roch
theorem (1.11.1), we have
χL2(L
n ⊗ π∗N) + 1
2
∑
σ∈S∞
τ((Ln ⊗ π∗N)σ) = deg(ĉh(Ln ⊗ π∗N) · t̂d
A
(TY/S)).
Clearly
lim
n→∞
deg(ĉh(Ln ⊗ π∗N) · t̂dA(TY/S))
nr+1
=
1
(r + 1)!
(Lr+1).
Thus it is sufficient to show that
(a)
∑
σ∈S∞
τ((Ln ⊗ π∗N)σ) ≤ O(nr logn).
(b) χL2(L
n ⊗ π∗N) ≤ O(nr logn).
8.7 Step 5. If we denote by Hσ the Hermitian form of Lσ for all σ ∈ S∞, Hσ(y) is
positive semi-definite and rkHσ(y) ≥ r − 1 for all y ∈ Yσ as in p.89-p.90 of [Ko]. Thus
by Corollary 2.4 we have (a).
8.8 Step 6. Since deg(N) > 2g(X)−2 and Symrn(E) is semistable on the generic fiber,
H1(Y, Ln ⊗ π∗N) is torsion module. Thus it is sufficient to see that
degL2(H
0(Ln ⊗ π∗N)) ≤ O(nr logn).
Since L is nef and (Lr) = 0 on the generic fiber, we have
rkH0(Y, Ln ⊗ π∗N) ≤ O(nr−1).
Hence Theorem 4.1 implies that
degL2(H
0(Y, Ln ⊗ π∗N)) ≤ O(nr logn).
Thus we get (b), which completes the proof of the main theorem. 
Corollary 8.9. Let K be an algebraic number field, OK the ring of integers of K, and
f : X −→ Spec(OK) an arithmetic surface. Let E be a torsion free sheaf and h a
Hermitian metric on X. If X is regular and E
Q
is semistable on the geometric generic
fiber X
Q
of f , then we have an inequality
ĉ2(E, h)− r − 1
2r
ĉ1(E, h)
2 ≥ 0,
where r = rkE.
Proof. Let E∨∨ be the double dual of E. Since X is a regular scheme of dimension 2,
E∨∨ is locally free and T = E∨∨/E is a finite module. Moreover, ĉ1(E, h) = ĉ1(E
∨∨, h)
and ĉ2(E, h) = ĉ2(E
∨∨, h) + log#(T ). Thus we have our corollary. 
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9. Arithmetic second Chern character of semistable vector bundles
Let K be an algebraic number field and OK the ring of integers. Let f : X −→
Spec(OK) be a regular arithmetic surface and E a torsion free sheaf on X . We denote
by Herm(E) the set of all Hermitian metrics of E. We set
ch2(E) = sup
h∈Herm(E)
ĉh2(E, h) (∈ (−∞,∞]).
First of all, we will see several properties of ch2(E) when E is semistable on the geometric
generic fiber.
Proposition 9.1. With being notation as above, we assume that EQ is semistable and
deg(EQ) = 0. Then, we have the following.
(1) ĉh2(E, h) ≤ 0 for every h ∈ Herm(E). Moreover, the equality holds if and only if
ĉ1(E, h)
2 = ĉ2(E, h) = 0.
(2) ch2(E) ≤ 0.
(3) For h ∈ Herm(E), ch2(E) = ĉh2(E, h) if and only if h is Einstein-Hermitian.
(4) If rkE = 1, then ch2(E) ≤ −[K : Q] Height([E|K ]), where Height is the Ne´ron-
Tate height function on Pic0(Y ). Moreover, the equality holds if and only if E is
locally free and deg(E|C) = 0 for all vertical curves C on X.
(5) If there is a filtration of E: 0 = E0 ⊂ E1 ⊂ · · · ⊂ El−1 ⊂ El = E such that
Ei/Ei−1 is torsion free and deg((Ei/Ei−1)|K) = 0 for every i, then we have
ch2(E) =
l∑
i=1
ch2(Ei/Ei−1).
(6) We assume that E is locally free. Let K ′ be a finite extension field of K, X ′ a
desingularization of X ×OK OK′ , and g : X ′ −→ X the induced morphism. Then,
we have
ch2(g
∗(E)) = [K ′ : K]ch2(E).
Proof. (1) First, we will see that ĉ1(E, h)
2 ≤ 0. We set
(E′, h′) = (det(E), det(h))⊕ (OX , canK).
Then, since E′ is semistable, by Corollary 8.9, we get
ĉ1(E, h)
2 = ĉ1(E
′, h′)2 ≤ 4ĉ2(E′, h′) = 0.
Hence, by virtue of Corollary 8.9,
ĉh2(E, h) =
1
2
ĉ1(E, h)
2 − ĉ2(E, h)
≤ 1
2r
ĉ1(E, h)
2 −
(
ĉ2(E, h)− r − 1
2r
ĉ1(E, h)
2
)
≤ 0.
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(2) This is a direct consequence of (1).
(3) We fix a Hermitian metric k of E. Then, since deg(LK) = 0, by Lemma 6.1,
ĉh2(E, h)− ĉh2(E, k) = − 1
2π
∑
σ∈K∞
DL(Eσ, hσ, kσ; Φσ).
Thus, ĉh2(E, h) = ch2(E) if and only if DL(Eσ, hσ, kσ; Φσ) gives the absolute minimal
value for every σ ∈ K∞. Thus, we obtain (3).
(4) Let h be an Einstein-Hermitian metric of E. By (3), we have ch2(E) = ĉh2(E, h).
Let E∨∨ be the double dual of E. Then, ĉh2(E, h) ≤ ĉh2(E∨∨) and the equality holds
if and only if E = E∨∨. So we may assume that E is locally free. Here, we need the
following lemma.
Lemma 9.2. Let (L, h) a Hermitian line bundle on X. If h is Einstein-Hermitian and
deg(L|C) = 0 for all vertical curves C on X, then
ĉh2(L, h) = −[K : Q] Height([LK ]).
Proof. For example, see [Fa1] and [Hr]. 
Let {q1, . . . , ql} be the set of all critical values of f . Let Supp(Xqt) = C(t)1 + · · ·+C(t)et
be the irreducible decomposition of the fiber Xqt . Then, since deg(E|K) = 0, we can
find rational numbers {a(t)i } such that
(E · C(t)j ) + (
et∑
i=1
a
(t)
i C
(t)
i · C(t)j ) = 0
for all t and j. Let n be a positive integer such that n · a(t)i ∈ Z for all t and i. We set
L = En ⊗OX(
l∑
t=1
et∑
i=1
na
(t)
i C
(t)
i ).
Then, due to Lemma 9.2, we have
ĉh2(L, h
n) = −[K : Q] Height([LK ]) = −n2[K : Q] Height([EK ]).
On the other hand, since deg(L|C) = 0 for all vertical curves C on X , we have
ĉh2(L, h
n) +
n2
2
(
l∑
t=1
et∑
i=1
a
(t)
i C
(t)
i )
2 = n2ĉh2(E, h).
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Let
∑l
t=1
∑et
i=1 a
(t)
i C
(t)
i = D+ − D− be the decomposition of
∑l
t=1
∑et
i=1 a
(t)
i C
(t)
i such
that D+ and D− are effective and that Supp(D+) and Supp(D−) have no common
component. Then,
(
l∑
t=1
et∑
i=1
a
(t)
i C
(t)
i )
2 = (D2+) + (D
2
−)− 2(D+ ·D−) ≤ 0.
Moreover, the equality holds if and only if
(D+ · C) = (D− · C) = 0
for all vertical curves C on X . Thus we have (4).
(5) Let h be a Hermitian metric of E. Let hi be the sub-metric of Ei induced by h
and ki the quotient metric of Ei/Ei−1 induced by hi. Then, by Corollary 7.4, we have
ĉh2(E, h) ≤ ĉh2(E1/E0, k1) + · · ·+ ĉh2(El/El−1, kl)
≤ ch2(E1/E0) + · · ·+ ch2(El/El−1)
Therefore, we have
ch2(E) ≤
l∑
i=1
ch2(Ei/Ei−1).
In order to consider the converse inequality of the above, we need the following lemma.
Lemma 9.3. Let 0→ S → E → Q→ 0 an exact sequence of torsion free sheaves on X.
Let h′ and h′′ be Hermitian metrics of S and Q respectively. If deg(SK) = deg(EK) =
deg(QK) = 0, then there is a family {ht}t∈R of Hermitian metrics of E with
lim
t→∞
ĉh2(E, ht) = ĉh2((S, h
′)⊕ (Q, h′′)).
Proof. For σ ∈ K∞, let Eσ = Sσ ⊕ Pσ be a decomposition of Eσ as C∞-vector bundles.
Then, since Pσ is isomorphic toQσ, using the above decomposition, we define a Hermitian
metric ht of E by e
t · h′ ⊕ h′′. Let At be the second fundamental form of
0→ (S, et · h′)→ (E, ht)→ (Q, h′′)→ 0.
If we denote A0 by A, then it is easy to see that At = A and (At)
∗ = e−tA∗. Thus, by
Proposition 7.3, we have
ĉh2(E, ht)− ĉh2((S, et · h′)⊕ (Q, h′′)) = −e
−t
2π
∑
σ∈K∞
||Aσ||2.
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On the other hand, since deg(SK) = 0, by an easy calculation, we obtain ĉh2(S, e
t ·h′) =
ĉh2(S, h
′). Thus, we get our lemma. 
Let us start to prove the inequality
ch2(E) ≥
l∑
i=1
ch2(Ei/Ei−1).
by induction on l. Let h′ and h′′ be arbitrary Hermitian metrics of El−1 and Ql respec-
tively. Then, by Lemma 9.3, there is a family {ht}t∈R of Hermitian metric of E such
that
lim
t→∞
ĉh2(E, ht) = ĉh2(El−1, h
′) + ĉh2(Ql, h
′′).
Therefore, we have
ch2(E) ≥ ĉh2(El−1, h′) + ĉh2(Ql, h′′)
Since h′ and h′′ are arbitrary, it follows that
ch2(E) ≥ ch2(El−1) + ch2(Ql)
Thus, by hypothesis of induction, we have (5).
(6) Let k be a fixed Hermitian metric of E. For each σ ∈ K∞, we set
DL(Eσ) = inf
hσ
DL(Eσ, hσ, kσ; Φσ),
where hσ runs over all Hermitian metrics of Eσ. Let {hn} be a sequence of Hermitian
metrics of E with
lim
n→∞
ĉh2(E, hn) = ch2(E).
Since
ĉh2(E, hn)− ĉh2(E, k) = − 1
2π
∑
σ∈K∞
DL(Eσ, (hn)σ, kσ; Φσ),
for each σ ∈ K∞, we have
DL(Eσ) = lim
n→∞
DL(Eσ, (hn)σ, kσ; Φσ).
Therefore, we obtain
DL(g∗(E)σ′) = lim
n→∞
DL(Eσ′|K , (hn)σ′|K , kσ′|K ; Φσ′|K )
for all σ′ ∈ K ′∞ because DL(g∗(E)σ′) = DL(Eσ′|K ). It follows that
ch2(g
∗(E)) = lim
n→∞
ĉh2(g
∗(E, hn))
= lim
n→∞
[K ′ : K]ĉh2(E, hn)
= [K ′ : K]ch2(E)
Thus we have (6). 
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Corollary 9.4. Let f : X −→ Spec(OK) be a regular arithmetic surface and E a torsion
free sheaf on X such E
Q
is semistable and deg(EK) = 0. If there is a filtration of E:
0 = E0 ⊂ E1 ⊂ · · · ⊂ Er−1 ⊂ Er = E such that Ei/Ei−1 is torsion free of rank 1 and
deg((Ei/Ei−1)|K) = 0 for every i, then we have
ch2(E) ≤ −[K : Q]
r∑
i=1
Height((Ei/Ei−1)K).
Moreover, the equality holds if and only if Ei/Ei−1 is locally free and deg((Ei/Ei−1)|C) =
0 for all vertical curves C on X.
Proof. By (5) of Proposition 9.1, we have
ch2(E) =
r∑
i=1
ch2(Ei/Ei−1).
Moreover, due to (4) of Proposition 9.1, for every i,
ch2(Ei/Ei−1) ≤ −[K : Q] Height((Ei/Ei−1)K),
and the equality holds if and only if Ei/Ei−1 is locally free and deg((Ei/Ei−1)|C) = 0
for all vertical curves C on X . Thus we have our corollary. 
Definition 9.5. Let Y be a smooth algebraic curves over an algebraic number field K.
Let MY/K(r, d) be the moduli scheme of semistable vector bundles on Y with rank r
and degree d (cf. [Ma2]).
We would like to consider MY/K(r, 0) when Y is an elliptic curve. For this purpose,
we need the following lemma.
Lemma 9.6. Let C be a smooth projective curve of genus 1 over an algebraically closed
field and E a rank r semistable vector bundle on X with deg(E) = 0. Then, there is a
filtration of E:
0 = E0 ⊂ E1 ⊂ · · · ⊂ Er−1 ⊂ Er = E
such that Ei/Ei−1 is a locally free of rank 1 and deg(Ei/Ei−1) = 0.
Proof. We prove this proposition by induction on rkE. Let Q be a minimal quotient line
bundle of E and S the kernel of E → Q. Then, by [MS],
deg(Q)− deg(S)
r − 1 = deg(Q) ·
r
r − 1 ≤ 1.
Since deg(Q) is non-negative integer, we have deg(Q) = 0. Thus S is semistable and
deg(S) = 0. Therefore, S has a desired filtration by hypothesis of induction. Hence, we
obtain our lemma. 
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The above lemma shows us that
MY/K(r, 0)(Q) =
r times︷ ︸︸ ︷
Pic0(Y )(Q)× · · · × Pic0(Y )(Q) /Sr,
where Sr is the rth symmetric group. Thus, MY/K(r, 0)(Q) has the canonical height
function by using Ne´ron-Tate height, that is,
Height(e) := Height(l1) + · · ·+Height(lr)
for an element e = (l1, · · · , lr) of MY/K(r, 0)(Q). In terms of this height function Height
of MY/K(r, 0), we have
Corollary 9.7. Let f : X → Spec(OK) be a regular arithmetic surface with the genus
of the generic fiber being one, and E a torsion free sheaf of rank r on X. Then, we have
ch2(E) ≤ −[K : Q] Height([EK ]),
where [EK ] is the class of EK in MXK/K(r, 0). Moreover, the equality holds if and only
if there is a finite field extension K ′ of K with the following properties:
(a) Let X ′ be a desingularization of X ×OK OK′ and g : X ′ → X the induced mor-
phism.
(b) There is a filtration of g∗(E) : 0 = E′0 ⊂ E′1 ⊂ · · · ⊂ E′r−1 ⊂ E′r = g∗(E) such
that E′i/E
′
i−1 is locally free of rank 1 and deg((E
′
i/E
′
i−1)K) = 0 for every i.
(c) deg( (E′i/E
′
i−1)
∣∣
C
) = 0 for all vertical curves of X ′.
Proof. By (6) of Proposition 9.1 and Lemma 9.6, we may assume that EK has a filtration
0 = F0 ⊂ F1 ⊂ · · · ⊂ Fr−1 ⊂ Fr = EK such that Fi/Fi−1 is locally free of rank 1 and
deg(Fi/Fi−1) = 0 for every i. Therefore, there is a filtration of E : 0 = E0 ⊂ E1 ⊂
· · · ⊂ Er−1 ⊂ Er = E such that Ei/Ei−1 is torsion free and (Ei)K = Fi. Thus by
Corollary 9.4, we have our corollary. 
Generalizing the above corollary, we would like to pose the following question.
Question 9.8. Let f : X → Spec(OK) be a regular arithmetic surface and E a
semistable vector bundle on X . We have two questions.
(1) Is there a canonical height function on MXK/K(r, 0)?
(2) If it exists, is there a relation between ch2(E) and the canonical height function?
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10. Torsion vector bundles
In this section, we consider conditions for the equality of ĉh2(E, h) ≤ 0. First of all,
let us consider the case where E is a line bundle.
Proposition 10.1. Let K be an algebraic number field and OK the ring of integers. Let
f : X −→ Spec(OK) be a regular arithmetic surface and (L, h) a Hermitian line bundle
on X with deg(L
Q
) = 0. Then, ĉ1(L, h)
2 = 0 if and only if
i) h is Einstein-Hermitian,
ii) deg(L|C) = 0 for all vertical curves C on X, and
iii) LK is a torsion point of Pic
0(XK).
Proof. First, we assume the conditions i), ii) and iii). By Lemma 9.2, we get
ĉ1(L, h)
2 = −2[K : Q] Height([LK ]) = 0.
Next we assume that ĉ1(L, h)
2 = 0. By (3) of Proposition 9.1, h is Einstein-Hermitian.
Moreover, by virtue of (4) of Proposition 9.1, we have deg(L|C) = 0 for all vertical curves
C of f . Hence, by Lemma 9.2, we get
ĉ1(L, h)
2 = −2[K : Q] Height([LK ]),
which implies Height([LK ]) = 0. Therefore, LK is a torsion of Pic
0(XK). 
Definition 10.2. Let M be a complex manifold and E a rank r flat vector bundle on
M . The vector bundle E defines a representation
ρ : π1(M)→ GLr(C)
of the fundamental group π1(M) of M . E is said to be of torsion type if the image of ρ
is a finite group.
Lemma 10.3. Let X be a smooth algebraic variety over C and E a flat vector bundle on
X. Then, E is of torsion type if and only if there is a dominant morphism of algebraic
varieties f : Y → X over C such that the composition of homomorphisms:
π1(Y )→ π1(X)→ GLr(C)
is trivial.
Proof. First we assume that E is of torsion type. Then, since Ker(ρ) has a finite index
in π1(X), there is a finite etale covering f : Z → X of algebraic varieties such that
π1(Z) = Ker(ρ). Thus we have the first assertion.
Next we assume that there is a dominant morphism of algebraic varieties f : Y → X
over C such that the composition of homomorphisms π1(Y ) → π1(X) → GLr(C) is
trivial. By Proposition 2.9.1 of [Kol], the image of π1(Y )→ π1(X) has a finite index in
π1(X). Thus the image of ρ is a finite group. 
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Proposition 10.4. Let X be a smooth projective curve over an algebraically closed field
k with k ⊂ C. Let E be a rank r vector bundle on X such that E is semistable and
deg(E) = 0. Then, the following are equivalent.
(a) There is a finite etale covering f : Z → X of X over k with f∗(E) ≃ O⊕rZ .
(b) There is a surjective morphism g : Y → X of smooth projective varieties over k
with g∗(E) ≃ O⊕rY .
(c) There is a finite etale covering f ′ : Z ′ → XC of XC over C such that f ′∗(EC) ≃
O⊕rZ′ .
(d) There is a surjective morphism g′ : Y ′ → XC of smooth projective varieties over
C with g′
∗
(EC) ≃ O⊕rY ′ .
(e) EC is flat and of torsion type.
Proof. First of all, we prepare the following lemma.
Lemma 10.5. Let X be a smooth projective curve over an algebraically closed field of
characteristic zero and E a rank r vector bundle on X. If E is semistable, deg(E) = 0
and π∗(E) ≃ O⊕rY for some finite covering π : Y → X, then E is poly-stable.
Proof. We prove this lemma by induction on rkE. Clearly we may assume that E is not
stable. Moreover, we may assume that π : Y → X is a Galois covering. Since E is not
stable, there is an exact sequence:
0→ F → E → Q→ 0
such that F and Q are locally free, deg(F ) = deg(Q) = 0 and that F and Q are
semistable. Then, it is easy to see that the exact sequence:
0→ π∗(F )→ π∗(E)→ π∗(Q)→ 0
splits, π∗(F ) ≃ O⊕sY and that π∗(Q) ≃ O⊕tY , where s = rkF and t = rkQ. Hence F and
Q are poly-stable by hypothesis of induction. Therefore, it is sufficient to see that the
natural homomorphism
Ext1X(Q,F ) −→ Ext1Y (π∗(Q), π∗(E))
is injective because the injectivity of the above homomorphism implies that the exact
sequence
0→ F → E → Q→ 0
splits. Since π is the Galois covering, we have a trace map π∗(OY )→ OX , which shows
us that an exact sequence:
0→ OX → π∗(OY )→ π∗(OY )/OX → 0
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splits. Therefore, H1(X,F ⊗ Q∨) −→ H1(X,F ⊗ Q∨ ⊗ π∗(OY )) is injective. Thus
Ext1X(Q,F ) −→ Ext1Y (π∗(Q), π∗(E)) is injective. 
Let us start the proof of Proposition 10.4. (a) =⇒ (b), (b) =⇒ (d) and (e) =⇒ (c)
are trivial. So it is sufficient to show (d) =⇒ (e) and (c) =⇒ (a).
(d) =⇒ (e) : By Lemma 10.5, EC is poly-stable. Thus EC is a flat vector bundle. So
EC comes from a representation
ρ : π1(XC)→ GLr(C)
of the fundamental group π1(XC) of XC. Since g
′∗(EC) is also flat, it has an Einstein
Hermitian metric h. On the other hand, since g′
∗
(EC) ≃ O⊕rY ′ , by [Ko, Chap. V,
Proposition 8.2], (g′
∗
(EC), h) is isometric to (OY ′ , h1) ⊕ · · · ⊕ (OY ′ , hr) as Einstein-
Hermitian vector bundles, which shows us that the composition of homomorphisms:
π1(Y
′)→ π1(XC)→ GLr(C)
is trivial. Thus, by Lemma 10.3, EC is of torsion type.
(c) =⇒ (a) : Clearly we can find a field F such that k ⊂ F ⊂ C, F is finitely
generated over k and that f ′ : Z ′ → XC and f ′∗(EC) ≃ O⊕rZ′ are defined over F . Thus
there are algebraic varieties T and Z˜ over k and projective morphisms h : Z˜ → T and
f˜ : Z˜ → X × T over k with the following properties.
(1) The function field of T is F .
(2) If p : X × T → T and q : X × T → X are the natural projections, then we have
p · f˜ = h.
(3) f˜ ×T Spec(C) : Z˜ ×T Spec(C) → (X × T ) ×T Spec(C) is nothing more that
f ′ : Z ′ → XC.
Z˜
f˜−−−−→ X × T
h
y yp
T T
At the generic point η of T , we have f˜η is etale and (f˜
∗(q∗(E)))η ≃ O⊕rZ˜η . Hence there is
a non-empty open set U of T such that f˜t is etale and (f˜
∗(q∗(E)))t ≃ O⊕r
Z˜t
for all t ∈ U .
Therefore, if we choose a closed point t0 of U , we have (a). 
Definition 10.6. Let K be an algebraic number field and OK the ring of integers. Let
f : X −→ Spec(OK) be a regular arithmetic surface and E a vector bundle on X . E
is said to be of torsion type if E
Q
satisfies one of equivalent conditions (a) – (d) in
Proposition 10.4.
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Question 10.7. Let K be an algebraic number field and OK the ring of integers. Let
f : X −→ Spec(OK) be a regular arithmetic surface and (E, h) a Hermitian vector
bundle on X such that deg(EK) = 0 and EQ is semistable. Then, if ĉh2(E, h) = 0, is E
of torsion type?
For this question, we have the following partial answer.
Proposition 10.8. Let K be an algebraic number field and OK the ring of integers.
Let f : X −→ Spec(OK) be a regular arithmetic surface and (E, h) a rank r Hermitian
vector bundle on X such that deg(EK) = 0 and EQ is semistable. Assume that there is
a filtration of E
Q
:
0 = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ Er−1 ⊂ Er = EQ
such that Ei/Ei−1 is a locally free sheaf of rank 1 and deg(Ei/Ei−1) = 0 for every
1 ≤ i ≤ r. Then, if ĉh2(E, h) = 0, E is of torsion type.
Proof. We may assume that the filtration is defined over K. Hence we can construct a
filtration of E:
0 = F0 ⊂ F1 ⊂ F2 ⊂ · · · ⊂ Fr−1 ⊂ Fr = E
such that Fi|Q = Ei, Fi is locally free and that Fi/Fi−1 is torsion free. Let hFi be the
induced sub-metric of h and hi the quotient metric of Fi/Fi−1 induced by hFi . Let Li
be the double dual of Fi/Fi−1. Then, by Corollary 7.4, we have
0 = ĉh2(E, h) ≤ ĉh2((F1/F0, h1)⊕ · · · ⊕ (Fr/Fr−1, hr))
≤ ĉh2((L1, h1)⊕ · · · ⊕ (Lr, hr)) ≤ 0.
Therefore, we get
ĉh2((L1, h1)⊕ · · · ⊕ (Lr, hr)) = 1
2
(ĉ1(L1, h1)
2 + · · ·+ ĉ1(Lr, hr)2) = 0
and (E, h) is isometric to (L1, h1)⊕· · ·⊕(Lr, hr) on each infinite fiber. Since ĉ1(Li, hi)2 ≤
0 for each i, we obtain ĉ1(Li, hi)
2 = 0. Therefore, by Proposition 10.1, (Li)C is of torsion
type. Therefore EC is torsion type because EC = (L1)C ⊕ · · · ⊕ (Lr)C. 
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